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FOREWORD

Dr.Ishari K Ganesh
Chancellor

Vels Institute of Science, Technology and Advanced Studies (VISTAS), Deemed to be
University, was established in 2008 under section 3 of the Act of 1956 of the University
Grants Commission (UGC), Government of India, New Delhi.

VISTAS has blossomed into a multi-disciplinary Institute offering more than 100 UG & PG
Programmes, besides Doctoral Programmes, through 18 Schools and 46 Departments. All
the Programmes have the approval of the relevant Statutory Regulating Authorities such
as UGC, UGC-DEB, AICTE, PCI, BCI, NCTE and DGS.

Our University aims to provide innovative syllabi and industry-oriented courses, and
hence, the revision of curricula is a continuous process. The revision is initiated based on
the requirement and approved by the Board of Studies of the concerned
Department/School. The courses are under Choice Based Credit Systems, which enables
students to have adequate freedom to choose the subjects based on their interests.

| am pleased to inform you that VISTAS has been rendering its services to society to
democratize the opportunities of higher education for those who are in need through Open
and Distance Learning (ODL) mode.

VISTAS ODL Programmes offered have been approved by the University Grants
Commission (UGC) *Distance Education Bureau (DEB), New Delhi.

The Curriculum and Syllabi have been approved by the Board of Studies, Academic
Council, and the Executive Committee of the VISTAS, and they are designed to help
provide employment opportunities to the students.

The ODL Programme [B.Com and BBA ] Study Materials have been prepared in the Self
Instructional Mode (SIM) format as per the UGC-DEB (ODL & OL) Regulations 2020. It is
highly helpful to the students, faculties and other professionals. It gives me immense
SOHDVXUH WR EULQJ RXW WKH 2'/ SURJUDPPH ZLWK
knowledge. | extend my congratulations and appreciation to the Programme Coordinator
and the entire team for bringing up the ODL Programme in an elegant manner.

At this juncture, | am glad to announce that the syllabus of this ODL Programme has been
made available on our website, www.vistascdoe.in , for the benefit of the student
community and other knowledge seekers. | hope that this Self Learning Materials (SLM)
will be a supplement to the academic community and everyone.

CHANCELLOR

WKH QRE



FOREWORD

Dr.S.Sriman Narayanan
Vice-Chancellor

My Dear Students!

Open and Distance Learning (ODL) of VISTAS gives you the flexibility to acquire a
University degree without the need to visit the campus often. VISTAS-CDOE involves the
creation of an educational experience of qualitative value for the learner that is best suited
to the needs outside the classroom. My wholehearted congratulations and delightful
greetings to all those who have availed themselves of the wonderful leveraged opportunity
of pursuing higher education through this Open and Distance Learning Programme.

Across the World, pursuing higher education through Open and Distance Learning
Systems is on the rise. In India, distance education constitutes a considerable portion of
the total enrollment in higher education, and innovative approaches and programmes are
needed to improve it further, comparable to Western countries where close to 50% of
students are enrolled in higher education through ODL systems.

Recent advancements in information and communications technologies, as well as digital
teaching and e-learning, provide an opportunity for non-traditional learners who are at a
disadvantage in the Conventional System due to age, occupation, and social background
to upgrade their skills.

VISTAS has a noble intent to take higher education closer to the oppressed,
underprivileged women and the rural folk to whom higher education has remained a
dream for a long time.

| assure you all that the Vels Institute of Science, Technology and Advanced Studies
would extend all possible support to every registered student of this Deemed-to-be
University to pursue her/his education without any constraints. We will facilitate an
excellent ambience for your pleasant learning and satisfy your learning needs through our
professionally designed curriculum, providing Open Educational Resources, continuous
mentoring and assessments by faculty members through interactive counselling sessions.

VISTAS, Deemed- to- be University, brings to reality the dreams of the great poet of
modern times, Mahakavi Bharathi, who envisioned that all our citizens be offered
education so that the globe grows and advances forever.

I hope that you achieve all your dreams, aspirations, and goals by associating yourself
with our ODL System for never-ending continuous learning.

With warm regards,

VICE-CHANCELLOR



Course Introduction

This Course DCBMS-41: Operations Research is mainly focused on developing the
communication skill for the MBA student especially in connection with business truncation.
There should be clarity and the Message must be an ambiguous so that the parties
involved in business will give their clear consent. The Course Operations Research has
been divided into five Blocks consisting of 20 Units.

The Block-1: Introduction to Operations Research ~ has been divided in to four Units.
Unit-1 gives the Scope of OR in Business and Unit-2 explains about Linear Programming
Problems and its Formulation and Unit-3 explains about the Graphical method of solution
and Simplex method and Unit-4 gives the detail explanation about the Canonical form of
LPP.

The Block-2: Transportation and Assignment Problems been divided in
tofourUnits.Unit- 5 explains about Transportation Problems and Unit-6 describes about

the ,%)6 IRU ILQGLQJ 1RUWK :HVW &RUQHU 5XOH /HDVW &RVW Ol
Method and Unit-7 presents about MODI Method and Unit-8 discuss about Balanced and

Unbalanced Assignment Problems and Maximization case.

The Block-3: Sequencing Problems been divided into four Units, where the Unit-9

discuss about Sequencing, and in Unit-10 presents DERXW 3URFHVVLQJ pQY MRE
machines and in Unit-11 describes DERXW 3URFHVVLQJ uQY MREV RQ PDFKL
12 explains DERXW 3URFHVVLQJ uQYf MREV RQ P PDFKLQHYV

The Block-4: Game Theory consist of four units, where inUnit-13 describes about the
Two Person Zero Sum Game, Unit-14 explains about Games with Saddle Point, Game
without Saddle Point, Unit-15 deals with Dominance Properties and inUnit-16 explains
about the Graphical Method for 2 *n and m %2 Games.

The Block-5: Network Analysis consist of four units, Unit-17 deals with Project Network,
Unit-18 discuss about Critical Path Method (CPM), Unit-19 explains about the PERT and
Unit-20 presents about the Earliest and Latest Times.
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Block -1: Introduction

Block- 1: Introduction to Operations Research has been divided in to
four Units.

Unit-1: Scope of Operations Research in Business deals with
Introduction Definition of Operations Research, Operations Research.
Tools and Techniques, Classification of Models, Applications of
Operations Research and the Limitations of Operations Research.

Unit-2: Linear Programming Problems and its Formulation explains
about Introduction to Linear Programming, Definition of Linear
Programming Problem, Components of Linear Programming Problem,
Applications of Linear Programming Problem, Limitations of Linear
Programming Problem, Mathematical Formulation of Linear Programming
Problem, Steps for forming a Linear Programming Problem and the
Worked Examples.

Unit-3: Graphical method of solution and Simplex method describes
about Introduction, Working procedure for Graphical Method, Worked
Examples, Working procedure for Simplex Method and the Worked
Examples.

Unit-4: Canonical form of LPP  presents about Canonical form of LPP,
Matrix notation of Canonical form of LPP, Standard form of LPP, Matrix
notation of standard form of LPP and the Worked Examples.

In all the units of Block -1: Introduction to Operations Research , the
Check your progress, Glossary, Answers to Check your progress and
Suggested Reading has been provided and the Learners are expected to
attempt all the Check your progress as part of study.



Unit-1

Scope of Operations Research in Business

STRUCTURE

Overview

Objectives

1.1. Introduction

1.2. Definition of Operations Research
1.3. Operations Research. Tools and Techniques
1.4. Classification of Models

1.5. Applications of Operations Research
1.6. Limitations of Operations Research
Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress
Suggested Readings

Overview

In this unit the Introduction Definition of Operations Research, Operations
Research. Tools and Techniques, Classification of Models, Applications
of Operations Research and Limitations of Operations Research has been
clearly explained.

Objectives

After Completion of this unit, your will be able to know about:
X Introduction, Definition of Operations Research
x Operations Research. Tools and Techniques,
x Classification of Models, Applications of Operations Research and

X Limitations of Operations Research

1.1. Introduction

Operations Research is a relatively new discipline. The contents and the
boundaries of the Operations Research are not yet fixed. Therefore, to
give a formal definition of the term Operations Research is a difficult task.
The Operations Research starts when mathematical and quantitative
techniques are used to substantiate the decision being taken. The main



activity of a manager is the decision making. In our daily life we make the
decisions even without noticing them.

The decisions are taken simply by common sense, judgment and
expertise without using any mathematical or any other model in simple
situations. But the decision we are concerned here with are complex and
heavily responsible.

Examples are public transportation network planning in a city having its
own layout of factories, residential blocks or finding the appropriate
product mix when there exists a large number of products with different
profit contributions and production requirement etc.

1.2. Definition of Operations Research

Operations research is decision-making tool that seeks for the best
outcomes while keeping in mind the RUJDQL]DWLRQfY RYHUDOO JRDOV D
limits.

32SHUDWLRQV 5HVHDUFK LV WKH DUW RI JLYLQJ EDG DQVz
ZKLFK RWKHUZLVH KDYH ZRUVH DQWIZBdaty -

32SHUDWLRQYV 5HVHDUFK LV D VFLHQWLILF PHWKRG RI SU|
departments with a quantitatvH EDVLYV IRU GHFLVLRQV XQGHU WKHLU FF
- P.M. Morse

32SHUDWLRQV 5HVHDUFK LV D VFLHQWLILF DSSURDFK WR S
HIHFXWLYH PDQDJHPHQW’ - H.M. Wagner

1.3. Operations Research Tools and Techniques

Operations Research uses any suitable tools or techniques available. The
common frequently used tools/ techniques are mathematical procedures,
cost analysis, electronic computation.

However, operations researchers given special importance to the
development and the use of techniques like linear programming, game
theory, decision theory, queuing theory, inventory models and simulation.
In addition to the above techniques, some other common tools are non-
linear programming, integer programming, dynamic programming,
sequencing theory, Mark process, network scheduling (PERT/CPM),
symbolic Model, information theory, and value theory.

There is many other Operations Research tools/techniques also exists.
The brief explanations of some of the above techniques / tools are as
follows:



Linear Programming : This is a constrained optimization
technique, which optimize some criterion within some constraints.
In Linear programming the objective function (profit, loss or return
on investment) and constraints are linear. There are different
methods available to solve linear programming.

Game Theory: This is used for making decisions under conflicting
situations where there are one or more players / opponents. In this
the motive of the players are dichotomized. The success of one
player tends to be at the cost of other players and hence they are
in conflict.

Decision Theory: Decision theory is concerned with making
decisions under conditions of complete certainty about the future
out comes and under conditions such that we can make some
probability about what will happen in future.

Queuing Theory : This is used in situations where the queue is

IRUPHG IRU H[DPSOH FXVWRPHUV ZDLWLQJ IRU V
waiting for landing, jobs waiting for processing in the computer

system, etc). The objective here is minimizing the cost of waiting

without increasing the cost of servicing.

Inventory Models : Inventory model make a decisions that
minimize total inventory cost. This model successfully reduces the
total cost of purchasing, carrying, and out of stock in venture.

Network Scheduling :  This technique is used extensively to plan,
schedule, and monitor large projects (for example computer
system installation, R&D design, construction, maintenance,
etc.).The aim of this technique is minimize trouble spots (such as
delays, interruption, production bottlenecks, etc.) by identifying the
critical factors. The different activities and their relationships of the
entire project are represented diagrammatically with the help of
networks and arrows, which is used for identifying critical activities
and path. There are two main types of technique in network
scheduling, they are:

Program Evaluation and Review Technique (PERT) *is used
when activities time is not known accurately / only probabilistic
estimate of time is available.

Critical Path Method (CPM) lIs used when activities time is not
accurate.
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1.4. Classification of Models

The following factors can be used to classify models:

1. Abstraction (Degree)

Mathematical Models : The mathematical model is one which
employs a set of mathematical symbols to represent the decision
variables of the system. These variables are related together by
means of a mathematical equation or a set of equations to
describe the properties of the system. The solution of the problem
is then obtained by applying well-developed mathematical
techniques to the model.

Analogue Models: The models in which one set of properties is
used to represent another set of properties are called analogue
models.

2. Goal:

Descriptive Models: A descriptive model simply describes some
aspects of a situation based on observations, survey,
guestionnaire results or other available data. The result of an
opinion poll represents a descriptive model.

Predictive Models : Predictive model is one which predicts
something based on some data. Predicting election results before
the counting is completed.

3. Nature of Environment:

Deterministic Models : Deterministic models are a model which
does not take uncertainty into account.

Probabilistic Models: These types of models usually handle
such situations in which the consequences or payoff of managerial
actions cannot be predicted with certainty. However, it is possible
to forecast a pattern of events, based on which managerial
decisions can be made.

4. Time Horizon:

Static Models : These models do not consider the impact of
changes that takes place during the planning horizon, i.e. they are
independent of time. Also, in a static model only one decision is
needed for the duration of a given time.

Dynamic Models : In these models, time is considered as one of
the important variables and admits the impact of changes

11



generated by time. Also, in dynamic models, not only one but
series of independent decisions is required during the planning
horizon.

1.5. Applications of Operations Research

Today, almost all fields of business and government utilizing the benefits
of Operations Research. There are voluminous of applications of
Operations Research. The following are the abbreviated set of typical
operations research applications to show how widely these techniques
are used today:

Accounting

X Assigning audit teams effectively

X Credit policy analysis

X Cash flow planning

x Developing standard costs

x Establishing costs for by products

X Planning of delinquent account strategy
Construction

X Project scheduling, monitoring and control

x Determination of proper work force

x Deployment of work force

x Allocation of resources to projects
Facilities Planning

X Factory location and size decision Hospital planning

X International logistic system design

x Transportation loading and unloading

X Ware house location decision
Finance

x Building cash management models

x Allocating capital among various alternatives

x Building financial planning models

X Investment analysis

x Portfolio analysis

12



X

Dividend policymaking

Marketing

X Advertising budget allocation

X

X

Product introduction timing

Deciding most effective packaging alternative

Organizational Behavior

X

X

X

X

X

Personnel planning
Recruitment of employees
Skill balancing

Training program scheduling

Designing organizational structure more effectively

Research and Development

X

X

X

R&D Projects control
R&D Budget allocation

Planning of Product introduction

1.6. Limitations of Operations Research

These do not have qualitative or emotional aspects

These are only applicable to certain types of decision-making
issues

These are essential to be accurately translated.

Models are simply assumed representations of reality and should
not be taken at face value.

Let Us Sum Up

In this unit, you have learned about the Introduction Definition of
Operations Research, Operations Research. Tools and Techniques,
Classification of Models, Applications of Operations Research and the
Limitations of Operations Research.

Check Your Progress

1.

/133 PHDQV ««««

a. Linear Programming Problem

b. Linear Program Problem

13



c. Line Programming Problem
d. Line Program Problem
2. (PERT) 4is used when activities time is « « «
a. Known
b. Not-Known
c. Known accurately
d. Not-Known accurately
3. In operations research, they -------------- are prepared for situations.
a. Mathematical models
b. Physical models diagrammatic
c. Diagrammatic models
d. None of these
4. OR can evaluate only the effects of -------------------
a. Personnel factors.
b. Financial factors
c. Numeric and quantifiable factors.
d. None of these
5. Which of the following is not the phase of OR methodology?
a. Formulating a problem
b. Constructing a model
c. Establishing controls

d. Controlling the environment

Glossary

Operations Research: Operations research is decision-making tool
that seeks for the best Outcomes while keeping

LQ PLQG WKH RUJDQL]DWLRQTV
Limits.
Criterion: is a measurement, which is used to the

evaluation of the results.

Programming: a technique, which optimizes linear objective
function under limited Constraints.

14
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Inventory Model: the model which is used to minimize total
inventory costs.

Optimization: which means maximization or minimization.

Answers to Check Your Progress

a.

1.
2. d.
3. a
4. c.
5

d.

Suggested Readings

1. Gupta. P. K, Man Mohan, Kanti 6ZDUXS 32SHUDWLRQV 5HVHDUFK~
Sultan Chand, 2008.

2. Frederick Hillier, Gerald J. Lieberman, Bodhibroto Nag, Preetam
%DVX 3, QWURGXFWLRQ WR 2SHUDWLRQ 5HVHDUFK" OF*UDZ
ISSN:9354601200, 2021.
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Unit-2

Linear Programming Problems and its
Formulation

STRUCTURE

Overview

Objectives

2.1. Introduction to Linear Programming

2.2. Definition of Linear Programming Problem

2.3. Components of Linear Programming Problem
2.4. Applications of Linear Programming Problem

2.5. Limitations of Linear Programming Problem

2.6. Mathematical Formulation of Linear Programming Problem
2.7. Steps for forming a Linear Programming Problem
2.8. Worked Examples

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction to Linear Programming, Definition of Linear
Programming Problem, Components of Linear Programming Problem,
Applications of Linear Programming Problem, Limitations of Linear
Programming Problem, Mathematical Formulation of Linear Programming
Problem, Steps for forming a Linear Programming Problem and Worked
Examples has been clearly explained.

Objectives

After Completion of this unit, your will be able to understand about:
X Introduction to Linear Programming, Definition of Linear
Programming Problem
Components of Linear Programming Problem
Applications of Linear Programming Problem

Limitations of Linear Programming Problem

X X X X

Mathematical Formulation of Linear Programming Problem
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x Steps for forming a Linear Programming Problem and Worked
Examples

2.1. Introduction to Linear Programming

Linear Programming is a special and versatile technique which can be
applied to a variety of management problems viz. Advertising,
Distribution, Investment, Production, Refinery Operations, and
Transportation analysis. The linear programming is useful not only in
industry and business but also in non-profit sectors such as Education,
Government, Hospital, and Libraries. The linear programming method is
applicable in problems characterized by the presence of decision
variables.

The objective function and the constraints can be expressed as linear
functions of the decision variables . The decision variables represent
quantities that are, in some sense, controllable inputs to the system being
modeled. An objective function represents some principal objective
criterion or goal that measures the effectiveness of the system such as
maximizing profits or productivity, or minimizing costar consumption.
There is always some practical limitation on the availability of resources
viz. man, material, machine, or time for the system. These constraints are
expressed as linear equations involving the decision variables. Solving a
linear programming problem means determining actual values of the
decision variables that optimize the objective function subject to the
limitation imposed by the constraints.

The main important feature of linear programming model is the presence
of linearity in the problem. The use of linear programming model arises in
a wide variety of applications. Some model may not be strictly linear, but
can be made linear by applying appropriate mathematical
transformations. Still some applications are not at all linear, but can be
effectively approximated by linear models. The ease with which linear
programming models can usually be solved makes an attractive means of
dealing with otherwise intractable on linear models.

2.2. Definition of Linear Programming Problem

It is defined as the process of considering various inequalities in a
situation and estimating the best value that may be obtained under those
circumstances.

2.3. Components of Linear Programming Problem

The basic components of the LP are as follows:

17



A. Decision Variables : The variables whose values determined the
solution of a problem are called decision variables of the
problem.

B. Constraints: Subjectto a set of simultaneous linear equations (or
inequalities) known as constraints .

C. Obijective Functions : Linear programming problem deals with
the optimization (maximization or minimization) of a function of
decision variables known as objective function

2.4. Applications of Linear Programming Problem

Industrial
Business
Economic
Military
Distribution

X X X X X X

Marketing

2.5. Limitations of Linear Programming Problem

x Even after determining the objective function, defining the
constraints is difficult.

X Itis only suitable for standard conditions.

X Solutions earned by the LPP may not be integers all the time.

2.6. Mathematical Formulation of Linear Programming Problem

Ifxi - « thg n decision variables and if the system is subject to
m Constraints, then the general Mathematical model can be written in the
form:

Maximize (or) Minimize Z =f (X1,X2,Xs ~ « )
Subject to Ci(X1,X2,X3 «[h) ” RU RULe E «P

Subject to called Structural constraints and Xi,X2,X3 « § called the
non-negative restrictions.

2.7. Steps for forming a Linear Programming Problem

Step 1: Identify the unknown decision variables to be determined and
assign symbols to them.

Step 2: Identify all the restrictions or constraints in the problem and
express them as linear equations or inequalities of decision variables.

18



Step 3: Identify the aim (or) objective and represent it also as a linear
function of decision variables.

Step 4: Express the complete formulation of LPP as a general
mathematical model.

2.8. Worked Problems

Example 1: A firm produces three products. These products are
processed on three different machines. The time required manufacturing
one unit of each of three products and the daily capacity of three machines
are given in the table below:

Time per unit (minutes) Machine Capacity
Machine Product 1 Product 2 |Product 3 (minutes/day)

My 2 3 2 440
M2 4 - 3 470
Ms 4 5 - 430

Itis required to determine the number of units to be manufactured for each
product daily. The profit per unit for product 1, 2 and 3 are Rs.4, Rs.3 and
Rs.6 respectively. It is assumed that all the amounts produced are
consumed in the market. Formulate the mathematical model for the
problem.

Solution:

Let x5 the number of units of product 1, x> the number of units of product
2and xs the number of units of product 3 respectively.

The capacity for machine M is 440; the capacity for machine M; is 470
and the capacity for machine M3 is 430 minutes/day.

The Constraints are
2X1+ 32 + 2x3
Ax1 + 3X3 "
2X1 + 5x3 "

and X1, X2, X3 ®

Since the profit per unit for product 1, 2, and 3 is Rs.4, Rs.3 and Rs.6
respectively.

Hence the objective function is Maximize Z = 4x; + 3xz + 6X3
Subiject to the constraints
2X1 + 3Xo + 2%x3 7

4x1 + 3x3 "

19



2X1 + bx3 "
and Xi, Xz, X3 ®
Example2:

A company owns two flour mills viz. A and B, which have different
production capacities for high, medium, and low-quality flour. The
company has entered a contract to supply flour to a firm every month with
at least 8,12 and 24 quintals of high, medium, and low quality respectively.
It costs the company Rs.2000 and Rs.1500 per day to run mill A and B
respectively. On a day, Mill A produces 6, 2 and 4 quintals of high,
medium, and low-quality flour, Mill B produces 2, 4 and 12 quintals of high,
medium and low-quality flour respectively. How many days per month
should each mill be operated in order to meet the contract order most
economically?

Solution:
Let x2 £Mill A
X +Mill B

Here the objective is to minimize the cost of the machine runs and to
satisfy the contract order.

2000x; + 1500x>

Mill A produces 6,2, and 4 quintals of high, medium and low-quality flour
and Mill B produces 2, 4 and 12 quintals of high, medium and low-quality
flour. So, the constraints be

and [ [ -

Let Us Sum Up

In this unit, you have learned about the Introduction to Linear
Programming, Definition of Linear Programming Problem, Components of
Linear Programming Problem, Applications of Linear Programming
Problem, Limitations of Linear Programming Problem, Mathematical
Formulation of Linear Programming Problem, Steps for forming a Linear
Programming Problem and Worked Examples.

20



Check Your Progress

1. A company produces refrigerators in unit | and heaters in unit Il. The
two products are produced and sold on a weekly basis. The weekly
production cannot exceed 25 in unit | and 36 in unit I, due to
constraints 60 workers are employed. A refrigerator requires 2-man
week of labour, while a heater requires 1-man week of labour. The
profit available is Rs.600 per refrigerator and Rs.400 per heater.

Formulate the LPP problem.

a. Mazimize Z = 600x; + 400x;
Subject to 2x; +x2 "

X1
X2 "

and xi,Xo
b. Minimize Z = 600x; + 400x;

Subject to 2x; +Xx2 "

X1

X2
and xi,Xo

A television company operates two assembly sections, section A and
section. Each section is used to assemble the components of three
types of televisions: Colour, Standard and Economy. The expected

daily production on each section is as follows:

T.V. Model Section A Section B
Colour 3 1
Standard 1 1
Economy 2 6

The daily running costs for two sections average Rs. 6000 for section
A and Rs.4000 for section B. It is given that the company must
produce at least 24 colours, 16 standard and 40 economy TV sets for
which an order is pending. Formulate this as a LPP so as to minimize

the total cost.

a. Minimize Z = 6000x; + 4000x:
Subject to 3x; +Xo
XL+ X2 7
2X2 + 6x2 "

and xi,X2

21




a. maximize Z = 6000x: + 4000x;
Subject to 3x; X2
X+ X2 7
2% + 6X2 "

and Xi,X2

Glossary

Decision Variables:  The variables whose values determined the
solution of a problem are called decision
variables of the problem.

Constraints: Subject to a set of simultaneous linear equations
(or inequalities) known as constraints .

Objective Functions: Linear programming problem deals with the
optimization (maximization or minimization) of a
function of decision variables known as objective
function .

Answer to Check Your Progress

1. a. Maximize Z = 600x1 + 400x>
Subjectto | [ "
X1 " 25
X2 " 36
and xi, X2 0.
3. a. minimize Z = 6000x; + 4000x,
Subjectto | [
X1+ X2 ®
2X1 + 6X2

and X1,X2

Suggested Readings

1. *RGGDUG / 6 SODWKHPDWLFDO WHFKQLTXHV RI 2SHU
Elsevier, 2014.

2. Gupta PK. 32SHUDWLRQV 5HVHDUFK 3UREOHPV DQG 6RO
Publications, ISSN:0230636594, 2009.
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Unit-3

Graphical method of solution and Simplex
method

STRUCTURE

Overview

Objectives

3.1. Introduction

3.2. Working procedure for Graphical Method
3.3. Worked Examples

3.4. Working procedure for Simplex Method
3.5. Worked Examples

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Working procedure for Graphical Method,
Worked Examples, Working procedure for Simplex Method and Worked
Examples has been clearly explained.

Objectives

After Completion of this unit, your will be able to know about:

X Introduction, Working procedure for Graphical Method, Worked
Examples,

X Working procedure for Simplex Method and Worked Examples

3.1. Introduction

A graphical method that provides a pictorial description of the problems
and their solutions, as well as the basic factors involved in solving general
LPP involving any finite number of variables, may effectively solve LPP
involving only two variables. The Linear Programming with two variables
can be solved graphically. The graphical method of solving linear
programming problem is of limited application in the business problems
as the number of variables is substantially large. If the linear programming
problem has larger number of variables, the suitable method for solving is
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Simplex Method. The simplex method is an iterative process, through
which it reaches ultimately to the minimum or maximum value of the
objective function.

3.2. Working procedure for Graphical method

Step 1: Consider the inequality constraints as equalities. In the XOY
plane, draw the straight lines that correspond to each equality and non-
negativity restriction by putting x; = 0, we get X2 and x. = 0 we get X1

Step 2: Find the bounded region for the variables values, which is the
region bounded by the lines established in step 1.

Step 3: Find the point of intersection of the bounded lines by solving the
equations of the corresponding lines, and substituting these points in the
objective function to get the values of the objective function.

Step 4: For maximization problem, the maximum value of Z is the
optimum value. For minimization problem, the minimum value of Z is the
optimum value.

3.3. Worked Problems

Example 1:

Solve the following LPP using Graphical Method.
MaxZ = 3x1 + 2x2

Subjectto i [1+X2+2X2 "

X1

X1 + Xo

and xg, X2 ®
Solution:

Consider the inequality constraints as equalities.

i [1 +x2=1
Putx: =0 Put x2= 0
Xo=1 X1= 105
¥(0,1) Y (i 0.5,0)
X1 +X2=3
Put x;=0 Put x.=0
X2 =3 X1 =3
¥(0,3) ¥(3,0)
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b

The feasible region is also known as solution space of the LPP. Every
point within this area satisfies all the constraints.

Vertex Value of Z
0O(0,0) 0
A(2,0) 6
B(2/3,7/3) 20/3
C(0,1) 2

Since the problem is of maximization type, the optimum solution is
MaxZ = 6,x1 =2,x2 =0

Example2: Solve the following LPP using Graphical Method.

Minz = 4x 1 + 2Xx;

Subjectto x 1+ 2x,

3X1+ X2 *

4X1+ 3X2 *

and X1, Xo ®

Solution:

Consider the inequality constraints as equalities.
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X1+ 2% =2
Put x;=0 Putx,=0
Xo=1 X1 = 2
Y (0,1) Y (2,0)
Xy +X2=3
Putx; =0 Putx,=0
X2=3 Xx1=1
Y (0,3) Y (1,0)
4x, + 3X, =6
Putx; =0 Putx. =0
Xz =2 X1 = 1.5
Y (0, 2) Y (1.5, 0)

The feasible region is also known as solution space of the LPP. Every
point within this area satisfies all the constraints.

Vertex Value of Z
O (0,0) 0
A(0,1) 2
B (0.8,0.6) 4.4
C (1,0) 4

Since the problem is of minimization type, the optimum solution is

MinZ:2,x1=0,x2:1
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3.4. Working procedure for Simplex Method

Step 1: Check whether the objective function is to be maximized or
minimized. If it is to be minimized, then convert it into a maximization
type by Minimize Z = - Maximize (-Z)

Step 2: Check whether all RHS are positive. If any one of the RHS is
negative, then multiply both sides of the constraint by -1.

Step 3: Convert inequality into equality constraints by introducing
slack/surplus variables.

Step 4: In the initial simplex table, take x; =0and x; =0sothatz=0
and the simplex table is as follows:

% %%%/} rrr}

% ' Ty T5T6T7/l QQQ}

% Q >| 55657 ) 1 00 }
% Q >5 56667 t 010 }
%.Q > =s5=76=77 t 0 01}

} }

} }

k¢F %0 | <, s F %<sF %/ }

Where % row denotes the coefficients of the variables in the objective
function

% - Column denotes the coefficients of the basic variables in the
objective function

:»- Column denotes the basic variables
. »- Column denotes the values of the basic variables.
Step 5: Compute the net evaluations k ¢ F %0

If all k< F %0 R then the current basic feasible solution is optimal
otherwise it is not optimal, go to next step.

Step 6: To find the entering variable
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If more than one variable has the same most negative k ¢ F %0 any

of these variables may be selected arbitrarily as the entering variables.
The entering variable column is called as the key column or pivot
column .

Step 7: To find the leaving variable

The ration between the solution column and the entering variable
column by considering only positive denominators and is defined as

aL/EJX°agP r
—Ua
If =3&Q rthen there is an unbounded solution to the given LPP.

The leaving variable row is called the key row or pivot row or pivot
eguation , and the element at the intersection of the pivot column and
the pivot row is called the pivot element.

Step 8: Drop the leaving variable and introduce the entering variable
along with its associated value under % column.

New pivot equation = Old pivot equation / pivot element

New equation (all other rows including k ¢ F %mow)

= (Old equation) z{(Corresponding column coefficient) X (New pivot
equation)}

Step 9: Go to step 5 and repeat the procedure until either an optimum
solution is bounded or there is an indication of an unbounded solution.

Note 1: For maximization problem:

i. Ifall k¢€F %0 R ,rthen the current basic feasible solution is
optimal.
If atleastone k< F %0 O,rthen the current basic feasible

solution is not optimal.

ii.  The entering variable is the non-basic variable corresponding to
the most negative value of k ¢ F %0

Note 2: For minimization problem:

i. Ifal k¢F %0 Q,rthen the current basic feasible solution is
optimal.
If atleastone k< F %0 P rthen the current basic feasible

solution is not optimal.

ii.  The entering variable is the non-basic variable corresponding to
the most positive value of k ¢ F %o
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3.5. Worked examples

Example 1:
Solve the following LPP using Simplex Method
Maximize T L U@y E UKy
Subiject to the constraints
FZuF Uz RFR
YZE Ugz0Q12
and Zpa g R U
Solution:

Step (1): In first inequality, RHS is negative, so multiply both sides of
that constraint by -1 so as to make its RHS positive.

Step (2): By introduce the slack variables Q, Q
the problem in standard form becomes
Maximize < L tSTs E sWg+0Q@ E r@
Subject to
TsE tIEQL x

VEE UGlTE @ L12

and sagdasAOR r
Step (3):PutTs L rand Tg L rin equation 1 and 2,
we get the initial basic feasible solutionis @ L xand @ L12
Step (4): Initial Iteration

The initial simplex table is given by

% 21 15 0 0 Ratio

29



21 15 0 Ratio
%l ol .l Zdl T Q@ aL/EJ:Tj}-OOégéP rK
—Ua
o0 Q| 6 @ 2 1 -:5=6
of ™ 12| 4 | 3 0 =37
<% | 0| O 0 0
<F% o| -21| -15 0
[

Since ¢ F %00, the current basic feasible solution is not optimal.

Since <z F %= -21 is most negative, the corresponding non-basic
variable Tsenters into the basis and the leaving variable is the basic
variable @ which corresponds to the minimum ratio & L uHere the
pivot element is 4
Step (5):First Iteration
New Pivot equation = Old pivot equation J Pivot element
=(12 430 1) J@®

=(3 1 % 0 %)
New T™equation = (Old T™equation) =*{(Corresponding column

coefficient) H(New Pivot equation) }

=(61 210 +{@Q)H(3 1 % 0 %)
= (3 0 54 1-14)

A 21 15 0 0
0/9 i T T5 T6 Q Q
0 Q 3 0 w 1 Fs
V \
21 Ts 3 1 u 0 S
\ \'
% 63 21 Xu 0 ts
\ \
<% F % 0 0 u 0 ts
V \
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Since all ¢ F %R0, then the current basic feasible solution is optimal.
0The optimal solution is Max Z= 63, Ts;=3 and Tg= 0.
Example 2: Solve the following LPP using Simplex Method
Minimize T L &agF UOg
Subiject to the constraints
FYZE Uz QU
P4ZF YZQ3
and Zpd § R U
Solution:

Step (1): Since the given objective function is of minimization type, we
shall convert it into a maximization type as follows:

Maximize (- = Maximize <U= Fz TE td

Step (2): By introduce the slack variables @, Q, the problem in standard
form becomes

Maximize <UL FzJE tI+0Q E r@
Subjectto FVTE tfE QL s

WIF VJE QL3

and T4 JaA OR r

Step (3):PutT; L rand Tg L rin equation 1 and 2, we get the initial
basic feasible solutionis @Q L sand @ L3

Step (4): Initial Iteration

The initial simplex table is given by

A -8 2 0 0 Ratio
% | »| | B | Zo | @ | @ |3dL/EIFAEP ]
U
0 Q|3 5 4 0 1 F
<A 0 0 0 0 0
%F% |0 8 21 0 0

Since < F %@, the current basic feasible solution is not optimal.
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Since <xF %= -2 is most negative, the corresponding non-basic
variable Tgenters into the basis and the leaving variable is the basic
variable @Qwhich corresponds to the minimum ratioa L r & Were the

pivot element is 2
Step (5): First Iteration
New Pivot equation = Old pivot equation J Pivot element
=(1 -421 0 J©@
=(12 -2 1 1/20)
New T™Mequation = (Old T™equation) ={(Corresponding column
coefficient) H(New Pivot equation) }

=(35-40 1) +{(-4 H(12 -2 1 1/2 0)}
=(5 3 0 21)

-8 2 0 0

% | s P Ts Ts Q Q

2 Ts S| 2 1 S r
t t

0 Q@ 5 -3 r{ 2 S

<A 1 -4 t 1 r

F %| 1 4 ri 1 r

Since all ¢ F %R0, then the current basic feasible solution is optimal.

0The optimal solution is
Maximize <UL s, Ts=0and Tg= —Z.
But Minimize <= -Maximize <Y= -1

0The optimal solution is Minimize <=-1, Ts=0and Tg= —2.

Example 3: Solve the following LPP using Simplex Method
Maximize T L YgE U Ug

Subiject to the constraints

UZE bgQ100
UZE UgzQ9o
and Zpa g R U
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Solution:

Step (1): By introduce the slack variables @, Qand Q the problem in
standard form becomes

Maximize < L WIE srigt0Q ErQ@E r®
Subject to
tTsE JEQL wr
tTs E wTE @ L100
5 E UgTEt@® L90
and TsagdadO&MR r

Step (2):PutTs L rand Tg L rin equation 1, 2 and 3,

we get the initial basic feasible solutionis @ L wr, Q L srrand Q L
90

Step (3): Initial Iteration

The initial simplex table is given by

% 4 | 10 0|0 |0 Ratio
%| | »| | Zo | Q| Q| Q| AL/EISAGP r-

94 _

0 Q|50 |2 @ 1 /0 |0 |=*=50
N’ .

0 ™|100 |2 |5 0|1 ]o0 U—p““: 20 Z
0 Ql9 |2 |3 oo |1 i74= 30
<% |0 o |o o0 |o
<sF% |0 -4 | -10[ |0 | O

Since ¢ F %@ , the current basic feasible solution is not optimal.

Since <z F %= -10 is most negative, the corresponding non-basic
variable Tgenters into the basis and the leaving variable is the basic
variable Qwhich corresponds to the minimum ratio a L t r. Here the pivot
elementis 5
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Step (5):First Iteration
New Pivot equation = Old pivot equation J Pivot element

=(100 25 0 1 0) J(B5)=(202/5 1 0 1/50)
New Qequation = (Old Qequation) *{(Corresponding column
coefficient) H(New Pivot equation) }

=(50 211 0 0)+{1) H(202/5 1 0 1/5 0)}
=(30 85 0 1 -1/5 0)

New Qequation = (Old Qequation) +{(Corresponding column
coefficient) H(New Pivot equation) }

=(90 230 0 1) #3) H(202/5 1 0 1/5 0)}
=(30 45 0 0 -35 1)

% 4 10 |0 0 0

0/9 1 Ty T5 T6 Q Q Q

0 Q | 30 Z | 0 1 | Fs| o
w w

10 Ts 20 t s 0 S 0
w w

0 Q | 30 Vo o | Ful 1
w w

<A 200 |4 Sr 0 t 0

<%F % | 200 0 r 0 t 0

Since all <t F %R0 , then the current basic feasible solution is optimal.

0The optimal solution is Maximize <= 200, Ts=0and Tg= tr.

Let Us Sum Up

In this unit, you have learned about the students able to understand how
to formulate and solve Graphical method and simplex method problems.

Check Your Progress

1. Slack Variable is introduced for

a. Qype constraints
b. Rype constraints
C. L—)’:t ___‘OO—”f(o_o
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d. Mype constraints
2. Surplus Variable is introduced for

Qype constraints
Rype constraints
L—>"F ... fee—"fco—oe
Mype constraints

oo oy

3. In the Graphical method which of the following is true

Total number of lines = total number of slack variables
Total number of lines = total number of surplus variables
Total number of lines = total number of artificial variables
d. Total number of lines = total number of constraints.

oo p

4. in the graphical method we use only

a. Two variables
b. Three variables
c. Four variables
d. Any number of variables

5. In graphical method for Qtype constraints the region is marked

a. Outwards the origin
b. On the origin

c. Upwards the origin

d. Towards the origin

Glossary
Basic Variable : Variable of a basic feasible solution has
non-negative value.
Non-Basic Variable : Variable of feasible solution has a value
equal to zero.
Artificial Variable: A non-negative variable introduced to
provide basic feasible solution and initiate
the simplex procedures.
Slack Variable : $ YDULDEOH FRUUHVSRQGLQJ WR D 7
constraint is a non- negative variable
introduced to convert the in equalities into
equations.
Surplus Variable : $ YDULDEOH FRUUHVSRQGLQJ WR D -

constraint is a non- negative variable
introduced to convert the constraint in to
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Basic Solution:

Basic Feasible Solution

Optimum Solution:

equations.

System of m-equation and n-variables .e.
m<n is a solution where at Least n-m

variables are zero.

System of m-equation and n-variables i.e.

m<n is a solution where variables are non-

negative and n-m variables are zero.

A solution where the objective function is

minimized or maximized.

Answers to Check Your Progress

1
2
3.
4
5

a
b.
d

a.

d.

Suggested Readings

1.

Hamdy 7DKD

2009.

Sharma

32SHUDWLRQV 5HVHDUFK”

32SHUDWLRQV 5HVHDUEK

Macmillan Publisher, ISSN:1403-93151, 2019.

36

3HDUVRQ (GXFD\

7TKHRU\

DQG $S



Unit - 4

Canonical form of LPP

STRUCTURE
Overview
Objectives
4.1. Canonical form of LPP
4.1.1. Matrix notation of Canonical form of LPP
4.2. Standard form of LPP
4.2.1. Matrix notation of Standard form of LPP
4.3. Worked Examples
Let Us Sum Up
Check Your Progress
Glossary
Answers to Check Your Progress
Suggested Readings

Overview

In this unit Canonical form of LPP, Matrix notation of Canonical form of
LPP, Standard form of LPP, Matrix notation of standard form of LPP and
Worked Examples has been clearly explained.

Objectives

After Completion of this unit, your will be able to understand about:

Canonical form of LPP
Matrix notation of Canonical form of LPP
Standard form of LPP

Matrix notation of standard form of LPP and

X X X X X

Worked Examples

4.1. Canonical Forms of LPP

The general linear programming involving can always be expressed in the
following form:

/[=TEIEVL%T. E%T, E%“T, E® %T,
Subiject to the constraints
B, E5 6 E5, TE®T5, T4 Q>

6.5 E6.6 ET6s. T E®=5,T4 Q>
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7,5 E=7 T E=7TTE®= T, Q>

Tas 5 ETae B ETa7 T E® 4Ty Q>
And non-negative restrictions
T T mAaaM R
This form of LPP is called the Canonical form of LPP .
4.1.1 Matrix notation of Canonical form of LPP
In the matrix notation the canonical form of LPP can be expressed as:
[=TEIE WL % :(Objective Function)
Subjectto #: Q >(Constraints)
And : R r(non-negative restrictions)
Where %L : 248 & & “%;
Characteristics of the Canonical form are:

i. The objective function is of maximization type .

ii. All constraints are expressed as equations

iii. Right hand side of each constraint is non-negative.

iv. All variables are T are non-negative.

4.2. Standard Form of LPP

The general linear programming involving can always be expressed in the
following form:

I=TEIEVL % T. E%T, E%T E® %T;
Subject to the constraints

B, E5 6 E5,TE®T, T4 L >

L5 E5 6 ET5 TE®T, Ta L >
7 s E TE=7 TE®= T L >
Tas 5 ETas B ETa7 T E® =z Ty L >
And non-negative restrictions

T T M&aaa T R

This form of LPP is called the Standard form of LPP .

38



4.2.1 Matrix notation of Standard form of LPP

In the matrix notation the standard form of LPP can be expressed as:
[=TEIE WL % :(Objective Function)

Subjectto # . L > (Constraints)

And : R r(non-negative restrictions)

Where %L (248 & & “%;

4.3. Worked Examples

Example 1:
Express the following LPP in the canonical form.
Maximize t L UgE %
Subiject to the constraints
72sE Uz RFbP
UZE PZO R
and Zpa g R U
Solution:
Convert the first constraint Qtype by multiplying both sides by -1.
Now the canonical form of LPP becomes,
Maximize < L WIE ¢
Subiject to the constraints
FEF t§ Qw
UTE wTQ X
and Fag R r
Example 2:
Express the following LPP in the canonical form.
Minimize T L ZE VYg
Subiject to the constraints
UZE % Qb
FUO3JE YZR Fa
and Zpa g R U
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Solution:

Given objective function is of minimization. We have to convert
maximization type by multiplying by -1 and convert the second constraint
Qtype by multiplying both sides by -1.

Now the canonical form of LPP becomes,

Maximize < L FgIF vg

Subiject to the constraints

udkeE 4§ Qw

tTsF v Qy

and Tsdg R r

Example 3:

Express the following LPP in the canonical form.

Maximize T L UgE UgE %

Subiject to the constraints

YZFUZEZ QR

720E bPgF afzR FY

and 2,4 & R U Zgis unrestricted.

Solution:

As Tgis unrestricted, T L T8 F T

The given LPP becomes

Convert the second constraint Qtype by Maximize < L tgE
uToF TYE T

Subiject to the constraints

VEFUTEF TET Q x

HE wWiiF T"FyTR Fv

and ;4 J8 JA TR r

multiplying both sides by -1.

Now the canonical form of LPP becomes,

Maximize < L tJE ulFufE T

Subiject to the constraints

VEFuUJFufET Q x
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FEF WIEWIEYFQ vV
andTsa J8 JA TR r

Let Us Sum Up

In this unit, you have learned about the Canonical form of LPP, Matrix
notation of Canonical form of LPP, Standard form of LPP, Matrix notation
of standard form of LPP and 4.3. Worked Examples.

Check Your Progress

1. Inthe canonical form of the LPP, the objective function --------
a. Must be of maximization type
b. Must be of minimization type
c. Must be of maximization or minimization type
d. None

2. The optimum feasible solution is

a. finite
b. Infinite
c. Unique

d. In deterministic

3. Slack Variable is introduced for

a. Qype constraints
b. Rype constraints
c. L—>"F ...fee—"fco—e
d. Mype constraints
Glossary
Basic Feasible Solution: If a basic solution of the initial system
corresponds to a certain point in the
feasible region of the original LP, Then
it is called a basic feasible solution
Optimum Solution: A solution where the objective function

minimized or maximized.

Basic and Non-Basic Variables:  The variables of a basic solution that
are assumed to be zero are called
non-basic variables . All the
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remaining variables are called basic
variables .

Slack Variable: If the constraints of a general LPP be
a
= g% Q ¥E L sataua &¥aml Fs;
Yy@s
Then the non-negative variables Qwhich are introduced to convert the
inequalities (1) to the equalities
a
= yRE QL xyE L satauaad ac
Y@s
are called slack variables .

Surplus Variable: If the constraints of a general LPP be
a
= g% R YE L sataua &¥aml Fs;
Yy@s
Then the non-negative variables Q)
which are introduced to convert the
inequalities (1) to the equalities
a
= y®%F QL xELsatauadaac
Y@s

are called Surplus variables .

Answers to Check Your Progress

1l.a.
2. a.
3. a

Suggested Readings

1. .DQWLVZDURRS *XSWD 3 . 0DQ ORKDQ ©32SHUDWLRQ\
Edition, Sultan Chand & Sons, 2008.

2. 6KDUPD- . 32SHUDWLRQV B5HVHDUFK 7TKHRU\ DQG
Macmillan Publisher, ISSN:1403-93151, 2019.
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Block -2: Introduction

Block-2: Transportation and Assignment Problems has been divided
in to four Units.

Unit-5: Transportation Problems deals with Introduction, Types of
Transportation problems, Example for standard transportation table and
the Mathematical Formulation of a Transportation Problem.

Unit-6: IBFS for finding North West Corner Rule, Least Cost Method,

9RJHOTV $S S URNEethdd VéxpRi@s about Introduction, Methods

for finding Initial Basic Feasible Solution (IBFS), North West Corner

Method, Least Cost Method andthe 9RJHOfV $SSUR[LPDWLRQ OHWKRG

Unit-7: MODI Method describes about Introduction, Working procedure
for MODI, Unbalanced Transportation Problem and the Degenerate
Transportation Problem.

Unit-8: Balanced and Unbalanced Assignment Problems and
Maximization case  presents about the Introduction, Steps for the
Hungarian Method, Unbalanced Assignment Problem and Maximization
in an Assignment Problem

In all the units of Block -2: Transportation and Assignment Problems
the Check your progress, Glossary, Answers to Check your progress and
Suggested Reading has been provided and the Learners are expected to
attempt all the Check your progress as part of study.
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Unit-5

Transportation Problems

STRUCTURE

Overview

Objectives

5.1. Introduction

5.2. Types of Transportation problems

5.3. Example for standard transportation table
5.4. Mathematical Formulation of a Transportation Problem
Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Types of Transportation problems, Example
for standard transportation table, and Mathematical Formulation of a
Transportation Problem has been clearly explained.

Objectives

After Completion of this unit, your will be able explain about:
X Introduction, Types of Transportation problems
x Example for standard transportation table

x Mathematical Formulation of a Transportation Problem

5.1. Introduction

Transportation problem is a special kind of Linear Programming Problem
(LPP) in which goods are transported from a set of sources to a set of
destinations subject to the supply and demand of the sources and
destination respectively such that the total cost of transportation is
minimized. It is also sometimes called as Hitchcock problem.

5.2. Types of Transportation problems

Balanced: When both supplies and demands are equal then the problem
is said to be a balanced transportation problem.
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Unbalanced: When the supply and demand are not equal then it is said
to be an unbalanced transportation problem. In this type of problem, either
a dummy row or a dummy column is added according to the requirement
to make it a balanced problem. Then it can be solved similar to the
balanced problem.

5.3. Example for Standard transportation table

Destination

D1 D2 D3 D4 SupPly(s:)
o1l e e e e .
Source O G | G | s [ S2
O3 G e s ) S3
04 Caz Caz [ Caz Cos -
Demand (di):g, ds @ a

In the above table D1, D2, D3 and D4 are the destinations where the
products/goods are to be delivered from different
sources S1, S2, S3 and S4. S; is the supply from the source O.. d; is the
demand of the destination D;. Cj is the cost when the product is delivered
from source S; to destination D;.

5.4. Mathematical Formulation of a Transportation Problem

Assume that there are m sources and n destinations.

Let a; be the supply(capacity) at source i, bj be the demand at destination
j,Cij be the unit transportation cost from source i to destination j and x; be
the number of units shifted from source i to destination j.

Then the transportation problem can be expressed mathematically as
Minimize Z= A3 o & o270y

Subiject to the constraints

ARelor v L «P

Rebw > M «Q

And Ty RO, for alli and j.

Note that the two sets of constraints will be consistentif A} g5 L A? g3

which is the necessary and sufficient condition for a transportation
problem to have a feasible solution. Problems satisfying this condition are
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called balanced transportation problems.  If A3 g5 M A% 53, then

the transportation problem is said to be unbalanced.

Let Us Sum Up

In this unit, you have learned about the Introduction, Types of
Transportation problems, Example for standard transportation table and
Mathematical Formulation of a Transportation Problem

Check Your Progress

1. Balanced transportation problem is

a. Total supply = Total demand

b. Number of supply = Number of demand

c. Total supply = Total transportation cost

d. Total demand= Total transportation cost

2. Transportation problem is non tdegenerate if

a. Number of allocation = m+n

b. Number of allocation = m+n+1

c. Number of allocation=m +n *1

d. Number of allocation = Number of cells

3. Aim of the transportation problem is

a. maximising transportation cost

b. Allocating the cost

c. Minimizing transportation cost

d. Reducing the number of cells.

Glossary

Transportation problems:

Balanced transportation
problems:

Unbalanced transportation
problems:

This is a type of LPP which is focused
at transporting the goods and services
at a minimum cost of time.

Here total supply equals to total
demand.

Here total supply does not equal to
total demand. It may be less or
greater.
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Answers to Check Your Progress

1. a.
2.C.
3. a.

Suggested Readings

1. .DSRRU 9 . B32SHUDWLRQV 5HVHDUFK" 6XOWDQ &KDQG 61

2. 'U 6KUDGGKD OLVKUD 36ROYLQJ 7UDQVSRUWDWLRQ 3UREC
Methods and Their Comparison” ,QWHUQDWLRQDO -RXUQDO RI ODWKHP
Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Unit-6

IBFS for finding North West Corner Rule,
/IHDVW &RVW OHWKRG 9RJHOTYV $SSL
Method

STRUCTURE

Overview

Objectives

6.1. Introduction

6.2. Methods for finding Initial Basic Feasible Solution (IBFS)
6.3. North West Corner Method

6.4. Least Cost Method

6.5. 9RIJHOTV $SSUR[LPDWLRQ OHWKRG
Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Methods for finding Initial Basic Feasible
Solution (IBFS), North West Corner Method, Least Cost Method and
9 R J HApfirgximation Method has been clearly explained.

Objectives

After Completion of this unit, your will be able know about:

X Introduction, Methods for finding Initial Basic Feasible Solution
(IBFS)

x North West Corner Method, Least Cost Method and
X 9RJH O exih&tisruMethod

6.1. Introduction

The initial basic feasible solution (IBFS) is a significant step to achieve the
minimal total cost (optimal solution) of the transportation problem. This
involves Initial solution to the given balanced Transportation Problems.
There are several methods available to obtain an initial basic feasible
solution of a transportation problem. For finding the initial basic feasible
solution total supply must be equal to total demand.
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6.2. Methods for finding Initial Basic Feasible Solution (IBFS)

To find the initial basic feasible solution there are three methods:
1. North West Corner Method.
2. Least Cost Method.
3. 9RJHOTV $SSUR[LPDWLRQ OHWKRG 9%0

6.3. North West Corner Method

The method starts at the North West (upper left) corner cell of the table.

Step -1: Allocate as much as possible to the selected cell, and adjust the
associated amounts of capacity (supply) and requirement (demand) by
subtracting the allocated amount.

Step -2: Cross out the row (column) with zero supply or demand to
indicate that no further assignments can be made in that row (column). If
both the row and column become zero simultaneously, cross out one of
them only, and leave a zero supply or demand in the uncrossed-out row
(column).

Step -3: If exactly one row (column) is left uncrossed out, then stop.
Otherwise, move to the cell to the right if a column has just been crossed
or the one below if a row has been crossed out. Go to step-1.

6.4. Least Cost Method

The least cost method is also known as matrix minimum method in the
sense we look for the row and the column corresponding to which Cj is
minimum.

This method finds a better initial basic feasible solution by concentrating
on the cheapest routes. Instead of starting the allocation with the North
West cell as in the North West Corner Method, we start by allocating as
much as possible to the cell with the smallest unit cost. If there are two or
more minimum costs then we should select the row and the column
corresponding to the lower numbered row. If they appear in the same row
we should select the lower numbered column.

We then cross out the satisfied row or column, and adjust the amounts of
capacity and requirement accordingly. If both a row and a column are
satisfied simultaneously, only one is crossed out. Next, we look for the
uncrossed-out cell with the smallest unit cost and repeat the process until
we are left at the end with exactly one uncrossed-out row or column.
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6.5. 9RJHOYVY DSSUR[LPDWLRQ PHWKRG

VAM is an improved version of the least cost method that generally
produces better solutions. The steps involved in this method are:

Step 1. For each row (column) with strictly positive capacity
(requirement), determine a penalty by subtracting the smallest unit cost
element in the row (column) from the next smallest unit cost element in
the same row (column).

Step 2: Identify the row or column with the largest penalty among all the
rows and columns. If the penalties corresponding to two or more rows or
columns are equal, we select the topmost row and the extreme left
column.

Step 3: We select X as a basic variable if Cj is the minimum cost in the
row or column with largest penalty . We choose the numerical value of Xj;
as high as possible subject to the row and the column constraints.
Depending upon whether a; or b;is the smaller of the two i row or j"
column is crossed out.

Step 4: The Step 2 is now performed on the uncrossed-out rows and
columns until all the basic variables have been satisfied.

Worked Example

Find the initial basic feasible solution for the transportation problem

1 2 6 7

0 4 2 12

3 1 5 11

10 10 10

using (i) North West Corner Method
(i) Least Cost method
LLL 9RIJHOYV DSSUR[LPDWLRQ PHWKRG
Solution:

Since A == A == 30, the given Transportation problem is balanced.
Hence there exists a basic feasible solution to this problem.

(i) North West Corner Method

Using this method, the allocations are shown in the tables below
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1 2 6
7
0 4 2
3 1 5
10 10 10
@)
0 4 2
3
3 1 5
3 10 10
(ii)
4 2 9
8
1 5
11
10 10
(iii)
1 5
1 11
1 10
(iv)

12

11

12

11
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10

10

10

(v) The starting solution is as shown in the following table

1 2 6
7
0 4 2
3 9
3 1 5
1 10

OThe initial transportation cost = Rs. 1x7 +0 X 3 +4 x 9+1 x 1+5 x 10

(ii) Least Cost Method:

=Rs. 94

Using this method, the allocations are shown in the tables below

1 2 6
0 4 2
10
3 1 5
10 10 10
2 6
4 2

7

12

11
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7 10
2
11
10 10
6
,
2
2 2
5
1
10
6 7
5
L 1
8
6 7
7
7

The starting solution is as shown in the following table
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1 2 6
7

0 4 2
10 2

3 1 5
10 1

0The initial transportation cost = Rs. 6x7 +0x 10 +2 x 2+1 x 10 +5x 1

=Rs.61

LLL 9RJHOTV DSSUR[LPDWLRQ PHWKRG

Using this method, the allocations are shown in the tables below

1 2 6
0 4 2
10
3 1 5
10 10 10
) (1) )
1 2
[
0 4
2
2. 4
3 1
11 (2

12

11
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10 10
(1) 1)
1 2
7 1)
3 1
10
11 (2
8 10
(2) (1)
1
7
3
1
8
3
1
1
The starting solution is as shown in the following table
1 2 6
0 4 2
10
3 1 5
10




0The initial transportation cost = Rs. 1x7 +0 x 2 +2 x 10+3x 1+ 1 x 10

= Rs.40

Let Us Sum Up

In this unit, you have learned about the Introduction, Methods for finding
Initial Basic Feasible Solution (IBFS), North West Corner Method, Least
Cost Method andthe 9RJHOYV $SSUR[LPDWLRQ OHWKRG

Check Your Progress

1. North West Corner Rule is applicable in

a.
b.
c.

d.

Transportation problem
Assignment Problem
Sequencing Problem

Critical Path Problem

2. VAM method is also called as

Penalty Method
Least Cost Method
Modi Method

Stepping Stone Method

3. In Least Cost Method allocation starts in the cell if it consist of

a. Minimum cost
b. Maximum cost
c. Containing O
d. Least penalty
Glossary
Feasible Solution: A feasible solution is said to be basic
if the number of positive allocations
equals m+n-1; thatis one less than the
number of rows and columns in a
transportation problem.
Basic feasible solution: If the number of affirmative allocations

equals m+n-1, the solution is
considered to be Basic feasible
solution.
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Answers to Check Your Progress

1. a.
2. a.
3. a.

Suggested Readings

1. KapoorV.K.:32SHUDWLRQV 5HVHDUFK" 6XOWDQ &KDQG ©6RQV

2. 'U 6KUDGGKD OLVKUD 36ROYLQJ 7TUDQVSRUWDWLRQ 3URE
Methods and Their Comparison” ,QWHUQDWLRQDO -RXUQDO RI ODWKHP
Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Unit-7

MODI Method

STRUCTURE

Overview

Objectives

7.1. Introduction

7.2. Working procedure for MODI

7.3. Unbalanced Transportation Problem
7.4. Degenerate Transportation Problem
Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Working procedure for MODI, Unbalanced
Transportation Problem and Degenerate Transportation Problem has
been clearly explained.

Objectives

After Completion of this unit, your will be able understand about:
X Introduction, Working procedure for MODI
x Unbalanced Transportation Problem and

x Degenerate Transportation Problem

7.1. Introduction

We can easily compute improvement indices for each unused square
using MODI method without having to draw all of the closed routes. As a
result, it can often save a lot of time when compared to other means of
resolving transportation issues.

7.2. Working procedure for MODI

The Modified Distribution Method, also known as MODI method or u-v
method, which provides a minimum cost solution (optimal solution) to the
transportation problem. The following are the steps involved in this
method.

58



Step 1: Find out the basic feasible solution of the transportation problem
using any one of the three methods discussed in the previous section.

Step2: Introduce dual variables corresponding to the row constraints and
the column constraints. If there are m origins and n destinations then there
will be m+n dual variables. The dual variables corresponding to the row
constraints are represented by u; L « P ZKHUHDV WKH
corresponding to the column constraints are represented by v; M «
The values of the dual variables are calculated from the equation given
below uit+vi=c;if x;>0

Step 3: Any basic feasible solution has m + n -1 x;> 0. Thus, there will be
m + n -1 equation to determine m + n dual variables. One of the dual
variables can be chosen arbitrarily. It is also to be noted that as the primal
constraints are equations, the dual variables are un restricted in sign.

Step 4: If x;=0, the dual variables calculated in Step 3 are compared with
the cjj values of this allocation as cj 4; v;.

Ifallcijdi#e WKHQ tBaomhiKdficomplementary slackness it can
be shown that the corresponding solution of the transportation problem is
optimum. If one or more ¢; tu; +vi< 0, we select the cell with the least
value of ¢ +u; xv; and allocate as much as possible subject to the row
and column constraints.

The allocations of the number of adjacent cell are adjusted so that a basic
variable becomes n on-basic.

Step5:A fresh set of dual variables are calculated and repeat the entire
procedure from Stepl to Stepb.

Worked Example

Supply
1 9 13 36 51
24 12 16 20 1
14 33 1 23 26
Consider the transportation problem given below:
50
100
150
Demand 100 70 50 40 40
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Solution:

Stepl: First we have to determine the basic feasible solution. The basic
feasible solution using least cost method is

X11=50, X20=60, X25=40, X31=50, X32=10, X33=50 and xz4=40

Step2: The dual variables us,uz,us and vi,v2,v3,Vs,Vs can be calculated
from the corresponding cjvalues, that is

utvi=1
Us+Vo = 2
Uxt+vs=1
us+vi=14
us+vo = 33
ust+vs=1
Us+vs= 23

Step3: Choose one of the dual variables arbitrarily is zero that is us=0 as
it occurs most of ten in the above equations. The values of the variables
calculated are

U= -13, Ux= -21, us=0
vi=14, v, 233,V3 =1,v4 223,V5 =22

Step 4: Now we calculate ¢ xu; +v; values for all the cells where x;=0
(unallocated cell by the basic feasible solution)

That is

Cell (1,2) = C12-U1-V2 = 9+13-33 = -11
Cell (1,3) = C13-U1-v3 = 13+13-1 = 25
Cell (1,4) = c14-U1-v4 = 36+13-23 = 26
Cell (1,5) = c15-U1-vs = 51+13-22 =42
Cell (2,1) = Ca1-Uz-v1 = 24+21-14 = 31
Cell (2,3) = C23-U2-v3= 16+21-1 = 36
Cell (2,4) = c24-Ux-va= 20+21-23 = 18
Cell (3,5) = Ccas-Uz-Vs = 26-0-22 = 4

Note that in the above calculation all the ¢jj 5%y » H[FHSW IRU FHOO
where

Ci2 #iy /o =9+13-33 = -11.
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Thus, in the next iteration x1» will be a basic variable changing one of the
present basic variables non-basic. We also observe that for allocating one
unit in cell (1, 2) we have to reduce one unit in cells (3, 2) and (1, 1) and
increase one unit in cell (3, 1). The net transportation cost for each unit of
such reallocation is -33-1+9+14 = -11

The maximum that can be allocated to cell (1, 2) is 10 otherwise the
allocation in the cell (3, 2) will be negative. Thus, the basic feasible
solution is

X11 = 40, X12 = 10, X22 = 60, Xo5 = 40, X31 = 60, X33 = 50, X34= 40

7.3. Unbalanced Transportation Problem

In this section It discusses about the unbalanced transportation problems
that is when the total supply is not equal to the total demand, which are
called as unbalanced transportation problem . In the unbalanced
transportation problem if the total supply is more than the total demand
then we introduce an additional column which will indicate the surplus
supply with transportation cost zero. Similarly, if the total demand is more
than the total supply an additional row is introduced in the transportation
table which indicates unsatisfied demand with zero transportation cost.

Worked Example

Consider the following unbalanced transportation problem

Supply
20 17 25 400
10 10 20 500
Demand 400 400 500

Solution:

Here the demand is 1300 whereas the total supply is 900. Thus, we now
introduce an additional row with zero transportation cost denoting the
unsatisfied demand. So that the modified transportation problem table is
as follows:

Supply
20 17 25 400
10 10 20 500
400
0 0 0
Unsatisfied Demand
Demand 400 400 500 1300
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It can be solved as balanced problem already discussed as in the previous
sections.

7.4. Degenerate Transportation Problem

In transportation problem, if a basic feasible solution with m origins and n
destinations has less than m+ n -1 positive X; (occupied cells), then the
problem is said to be a degenerate transportation problem . The
degeneracy problem does not cause any serious difficulty, but it can
cause computational problem will be determining the optimal minimum
solution.

Therefore, it is important to identify a degenerate problem as early as
beginning and take the necessary action to avoid any computational
difficulty. The degeneracy can be identified through the following results:

In a transportation problem, a degenerate basic feasible solution exists if
and only if some partial sum of supply (row) is equal to a partial sum of
demand (column).

For example, the following transportation problem is degenerate. Because
in this problem

8.12400=b1
ar»+a3=900=b,+bs

There is a technique called perturbation, which helps to solve the
degenerate problems.

The degeneracy of the transportation problem can be avoided if we
ensure that no partial sum of ai (supply) and bj (demand) is equal. We
set up a new problem where

ai=aj+d L «« P
bi=b M ««1l Q
bn:bn+md d>0

This modified problem is constructed in such a way that no partial sum
of ajis equal to the b;. Once the problem is solved, we substituted = 0
leading to optimum solution of the original problem.

Let Us Sum Up

In this unit, you have learned about the In this unit the Introduction,
Working procedure for MODI, Unbalanced Transportation Problem and
Degenerate Transportation Problem has been clearly explained.
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Check Your Progress

1. Degeneracy occurs when

a. Basic variables are positive but some of nhon-basic variables
have negative values

b. The basic matrix is singular, it has no inverse

c. Some of basic variables have zero values

d. Some of non-basic variables have zero values

2. When the total supply is not equal to total demand in a transportation

problem then it is called

a. Balanced
b. Unbalanced
c. Degenerate

d. None of these

Glossary

Degeneracy :

Dummy source :

Degeneracy occurs when the number of
occupied squares or routes in a
transportation table solution is less than the
number of rows plus the number of columns
minus 1.

A dummy source or destination is added to
balance transportation problem where
demand is not equal to supply.

Answers to Check Your Progress

1. d.
2. C.

Suggested Readings

1. 6XQGDUHVDQ 9 *DQDSDWK\ . 6 *DQHVDQ .

THFKQLTXHV’

2. 'U 6KUDGGKD OLVKUD
Methods and Their Comparison

IDNVKPL 3XEOLFDWLRQV

Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Unit-8

Balanced and Unbalanced Assignment
Problems and Maximization case

STRUCTURE

Overview

Objectives

8.1. Introduction

8.2. Steps for the Hungarian Method
8.3. Unbalanced Assignment Problem
8.4. Maximization in an Assignment Problem
Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Steps for the Hungarian Method, Unbalanced
Assignment Problem and Maximization in an Assignment Problem has
been clearly explained.

Objectives

After Completion of this unit, your will be able explain about:
x Introduction, Steps for the Hungarian Method,
x Unbalanced Assignment Problem and

X Maximization in an Assignment Problem

8.1. Introduction

The Assignment Problem can define as follows:

Given n facilities, n jobs and the effectiveness of each facility to each job,
here the problem is to assign each facility to one and only one job so that
the measure of effectiveness if optimized. Here the optimization means
Maximized or Minimized. There are many management problems has an
assignment problem structure. For example, the head of the department
may have 6 people available for assignment and 6 jobs to fill. Here the
head may like to know which job should be assigned to which person so
that all tasks can be accomplished in the shortest time possible. Another
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example a container company may have an empty container in each of
the location 1, 2,3,4,5 and requires an empty container in each of the
locations 6,7,8,9,10. It would like to ascertain the assignments of
containers to various locations so as to minimize the total distance. The
third example here is a marketing set up by making an estimate of sales
performance for different salesmen as well as for different cities one could
assign a particular sales man to a particular city with a view to maximize
the overall sales.

Note that with n facilities and n jobs there are n! Possible assignments.
The simplest way of finding an optimum assignment is to write all the n!
Possible arrangements, evaluate their total cost and select the
assignment with minimum cost. Bust this method leads to a calculation
problem of formidable size even when the value of n is moderate. For
n=10 the possible number of arrangements is 3268800.

If in an assignment problem some cost elements Cjae Negative, we may
have to convert them into an equivalent assignment problem where all the
cost elements are non-negative by adding a suitable large constant to the
cost elements of the relevant row or column, and then we look for a
feasible solution which has zero assignment cost after adding suitable
constants to the cost elements of the various rows and columns. Since it
has been assumed that all the cost elements are non-negative, this
assignment must be optimum. On the basis of this principle a
computational technique known as Hungarian Method is developed. The
Hungarian Method is discussed as follows.

8.2. Steps for the Hungarian Method

First check whether the number of rows is equal to the numbers of
columns, if it is so, the assignment problem is said to be balanced.

Step :1 Choose the least element in each row and subtract it from all the
elements of that row.

Step: 2 choose the least element in each column and subtract it from all
the elements of that column. Step 2 has to be performed from the table
obtained in step 1.

Step: 3 now determine an assignment as follows:

x For each row or column with a single zero element cells that has
not be assigned or eliminated, box that zero element as an
assigned cell.

x For every zero that becomes assigned, cross out all other zeros
in the same row and for column.
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x If for arrow and for a column there are two or more zero and one
FDQTW EH FKRVHQ E\ LQVSHFWLRQ FKRRVH WKH
arbitrarily.

X The above procedures may be repeated until every zero-element
cell is either reassigned (boxed) or crossed out.

Step:4 If each row and each column contain exactly one assignment,
then the solution is optimal.

Step: 5 An optimum assignment is found, if the number of assigned
cells is equal to the number of rows (and columns). In case we had
chosen a zero cell arbitrarily, there may be an alternate optimum. If no
optimum solution is found i.e. some rows or columns without an
assignment then go to Step6.

Step 6: Draw a set of lines equal to the number of assignments which
has been made in Step 4, covering all the zeros in the following
manner.

x ODUN FKHFN ¥ WR WKRVH URZV ZKHUH QR DVVLJ
made.

x ExaminethecKHFNHG ¥ URZV-eleméntxell]dddliR in
WKRVH URZV FKHFN ¥ WKH UHVSHFWLYH FROXPQV
ZEros.

Xx ([DPLQH WKH FKHFNHG ¥ FROXPQV ,I DQ\ DVVLJQF
RFFXUV LQ WKRVH FROXPQV FKHFN ¥ WKH UHV!
contain those assigned zeros.

X The process may be repeated until now more rows or column can
be checked.

x Draw lines through all unchecked rows and through all checked
columns

Step7: Examine those elements that are not covered by a line. Choose
the smallest of these elements and subtract this smallest from all the
elements that do not have a line through them. Add this smallest
element to every element that lies at the intersection of two lines. Then
the resulting matrix is a new revised cost table.

Worked Examples
Example 1

Solve the following assignment problem. Cell values represent cost of
assigning job A, B, C and D to the machines I, II, lll and IV.
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machines

I II 111 IAY

A 10 12 19 11

B 5 10 7 8

jobs 12 14 13 11

D 8 15 11 9
Solution:

Here the number of rows and columns are equal.
Othe given assignment problem is balanced. Now let us find the solution.

Step 1. Select a smallest element in each row and subtract this from all
the elements in its row.

11 I11 IV

A
B
C

L2 B o8 )

QO O |~
w

W O
(S T—

—_— o

D

]

Look for at least one zero in each row and each column. Otherwise go to
step 2.

Step 2: Select the smallest element in each column and subtract this from
all the elements in its column.

11 111 IV

A
B
c
D

O -~ 0O O |m~
0=~ W O
-0 O
—_— W

Since each row and column contains at least one zero, assignments can
be made.

Step 3 (Assignment):

Examine the rows with exactly one zero. First three rows contain more
than one zero. Go to row D. There is exactly one zero. Mark that zero
by (i.e) job D is assigned to machine |. Mark other zeros in its column
by x.

I 11 11 IV
K 0 7 1
B ﬁ 3 0 3
€ 1 1 0 0
D @ 5 1 2
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Step 4: Now examine the columns with exactly one zero. Already there is
an assignment in column |. Go to the column Il. There is exactly one zero.
Mark that zero by . Mark other zeros in its row by x.

I 11 111 IV
A ){ @ 7 1
B ){ 3 0 3
C 1 1 0 0
D @ 5 1 2

Column 1l contains more than one zero. Therefore, proceed to Column
IV, there is exactly one zero. Mark that zero by . Mark other zeros in its
row by x.

11 111 IV

(o~ T

I
X
K

w [E]
<
a

3

o
2

@)

1
o] 5

Step 5: Again, examine the rows. Row B contains exactly one zero. Mark
that zero by

._
- = o

I 11 11 v
A i [o] 7 1
B X 3 [o] 3
€ 1 1 it [o]
D [0] 5 1 2

Thus all the four assignments have been made. The optimal assignment
schedule and total cost is

Job Machine cost
A 11 12
B 111 7
C 1A% 11
D I 8

Total cost 38

7KH RSWLPDO DVVLIQPHQW PLQLPXP FRVW
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Example 2

Consider the problem of assigning five jobs to five persons. The
assignment costs are given as follows. Determine the optimum
assignment schedule.

Job
1 2 3 4 5
A 8 4 2 6 1
Person B 0 9 5 5 4
C 3 8 9 2 6
D 4 3 1 0 3
E 9 5 8 9 5

Solution:

Here the number of rows and columns are equal.
06 The given assignment problem is balanced.
Now let us find the solution.

Step 1. Select a smallest element in each row and subtract this from all
the elements in its row.

The cost matrix of the given assignment problem is

Job

Person

D | 4 3 1 0 3

Column 3 contains no zero. Go to Step 2.

Step 2: Select the smallest element in each column and subtract this from
all the elements in its column.

Job
1 2 3 4 5
A 7 3 0 5 0
0 9 4 5 4

Person

D | 4 3 0 0 3
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Since each row and column contains at least one zero, assignments can
be made.

Step 3 (Assignment):

Examine the rows with exactly one zero. Row B contains exactly one zero.
Mark that zero by .Person B is assigned to Job 1. Mark other zeros in
its column by x.

Job

S
~l
w
o
w
W o

w

Person B @ 9 4
1

Now, Row C contains exactly one zero. Mark that zero by . Mark other
zeros in its column by x.

Job

1 = 3 -4 5

s 3 0 5 0

: B @ 9 4 5 4

Jerson

1 6 6 @ 4

D 4 3 0 bf 3

E 4 0 2 4 0

Now, Row D contains exactly one zero. Mark that zero by . Mark other
zeros in its column by x.

Job

1 2 3 4 5
A |7 3 ¥ 5 0
Pers B @ 9 4 5
erson
C |1 6 6 @
D |4 3 @ H 3
E|l4 0 2 4 o0

Row E contains more than one zero, now proceed column wise. In column
1, there is an assignment. Go to column 2. There is exactly one zero. Mark
that zero by . Mark other zeros in its row by x.
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Job

o
3]
W
>
W

Person

1)43@

There is an assignment in Column 3 and column 4. Go to Column 5. There
is exactly one zero. Mark that zero by . Mark other zeros in its row by x.

Job
1 2 3 4 5
A7 3 ¥ 5 |[o
e Bl ¢ 4 5 4
cClt 6 6 [o 4
D4 3 o X 3
El4 o 2 4 X

Thus all the five assignments have been made. The Optimal assignment
schedule and total cost is

Person Job cost
A 5 1
B 1 0
G 4 2
D 3 1
E 2 5
Total cost 9

The optimal assignment (minimum) cost = 9

8.3. Unbalanced Assignment Problem

Suppose if the number of persons is different from the number of jobs,
then the assignment problem is called as unbalanced .

If the number of jobs is less than the number of persons, some of them
FDQYW EH DVVLJQHG DQ\ MRE 6R W KnbWddhmKDYH WR LQWURG X
jobs of zero duration to make the unbalanced assignment problem into
balanced assignment problem. This balanced assignment problem can be
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solved by using the Hungarian Method as discussed in the previous
section. The persons to whom the dummy jobs are assigned left out of
assignment.

Similarly, if the number of persons is less than number of jobs then we
have introduced one or more dummy persons with zero duration to modify
the unbalanced into balanced and then the problem is solved using the
Hungarian Method. Here the jobs assigned to the dummy persons are left
out.

Example 3

Solve the following assignment problem.

Men
| 2 3
mt |9 26 15
fask |13 27 6
R |35 20 15
S |18 30 20
Solution:

Since the number of columns is less than the number of rows, given
assignment problem is unbalanced one. To balance it, introduce a dummy
column with all the entries zero. The revised assignment problem is

Men
i 2 3 4
.. P[9 26 15 0
Task Ql13 27 6 o0
R[35 20 15 0
s |18 30 20 0

Here only 3 tasks can be assigned to 3 men.

Step 1: is not necessary, since each row contains zero entry. Go to Step
2.

Step 2:
Men
3 d
plo 6 9 o
Task | 4 7 o0 o0
R |26 0 9 o0
S| 9 10 14 o
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Step 3 (Assignment):

Men

Pl 6 9 X

Task Q| 4 7 %
26 o] O X

s|9 10 14 [

Since each row and each column contains exactly one assignment, all the
three men have been assigned a task. But task S is not assigned to any
Man. The optimal assignment schedule and total cost is

Task Men cost
P 1 9
Q 3 6
R 2 20
S d 0

Total cost 35

7KH RSWLPDO DVVLIQPHQW PLQLPXP FRVW

8.4. Maximization in an Assignment Problem

There are situations where certain facilities have to be assigned to a
number of jobs so as to maximize the overall performance of the
assignment. In such cases the problem can be converted into a
minimization problem and can be solved by using Hungarian Method.
Here the conversion of maximization problem into a minimization can be
done by subtracting all the elements of the cost table from the highest
value of that table.

Example 4:

Consider the problem of five different machines can do any of the required
five jobs with different profits resulting from each assignment as illustrated
below:

Machines
1 2 3 4 5
1 40 47 50 38 50
2 50 34 37 31 46
3 50 42 43 40 45
4 35 48 50 46 46
5 38 72 51 51 49
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Jobs

Find out the maximum profit through optimal assignment.

Solution

This is a maximization problem, so that first we have to find out the
highest value in the table and subtract all the values from the highest
value. In this case the highest value is 72.

Machines

1 2 3 4 5
32 35 22 34 22
22 38 35 41 26
22 30 29 32 27
37 24 22 26 26
34 0 21 21 23

| wWw| NP

This can be solved by using the Hungarian Method.

By solving this, we obtain the solution is as follows:

Jobs Machines
1 3
2 5
3 1
4 2
5 4

The maximum profit through this assignment is 264

Let Us Sum Up

In this unit, you have learned about the Introduction, Steps for the
Hungarian Method, Unbalanced Assignment Problem and Maximization
in an Assignment Problem

Check Your Progress

1. Balanced Assignment Problem is

a.

b.

Number of allocation = Number of rows
Number of columns = Number of allocation
Number of rows = Number of columns

Number of allocation = Number of jobs.
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2. Optimal solution of an assignment problem can be obtained only if

a. Each row & column has only one zero element

b. Each row & column has at least one zero element

c. The data is arrangement in a square matrix

d. None of the above

3. In assignment problem of maximization, the objective is to maximise

a. Profit
b. Optimization
c. Cost

d. None of the above

Glossary

Cost Table:

Hungarian Method :

Assignment Problem :

Balanced Assignment Problem:

Unbalanced Assignment Problem:

Infeasible Assignment Problem:

The completion time or cost
corresponding to every assignment is
written down in a table form if referred
as a cost table.

is a technique of solving assignment
problems.

is a special kind of linear programming
problem where the objective is to
minimize the assignment cost.

is an assignment problem where the
number of persons equal to the
number of jobs.

is an assignment problem where the
number of jobs is not equal to the
number of persons.

is an assignment problem where a
particular person is unable to perform
a particular job or certain job cannot
be done by certain machines.
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Answers to Check Your Progress

1. c.
2. b.
3. a.

Suggested Readings

1. 6XQGDUHVDQ 9 *DQDSDWK\ . 6 *DQHVDQ . 35HVRXUF
THFKQLTXHYV" /DNVKPL 3XEOLFDWLRQV

2. 'U 6KUDGGKD OLVKUD 3ROYLQJ 7UDQVSRUWDWLRQ
Methods and Their Comparison” ,QWHUQDWLRQDO atRXUQDO RI 0D
Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Block -3 : Introduction

Block-3: Sequencing Problems  has been divided in to four units.

Unit-9: Sequencing deals with Introduction, Definition of Sequencing
Problem, Assumptions Made in Sequencing Problems, Applications of
sequencing problems and the Types of Sequence.

Unit- SURFHVVLQJ pQT MREV Ré&xplainsP&@hbLQHYV
Introduction, Definition, Procedure for determining the optimal sequence
for n jobs on 2 machines, Principal Assumptions and the Solved Example.

Unit- BURFHVVLQJ pQY MREV Rd@scribe® BditL Q HV
Introduction, Conditions for converting 3 machines into 2 machines,
Procedure for determining the optimal sequence for n jobs on 3 machines

and the Solved Example.

Unit- SURFHVVLQJ upQY MmaghinesR @QresBnts about
Introduction, Example, Procedure for determining the optimal sequence
IRU pQY MREV RQ pPR® Svbddickamplés. D Q G

In all the units of Block -3: Sequencing Problems , the Check your
progress, Glossary, Answers to Check your progress and Suggested
Reading has been provided and the Learners are expected to attempt all
the Check your progress as part of study.
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Unit-9

Sequencing

STRUCTURE

Overview

Objectives

9.1. Introduction

9.2. Definition of Sequencing Problem
9.3. Assumptions Made In Sequencing Problems
9.4. Applications of sequencing problems
9.5. Types of Sequence

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress
Suggested Readings

Overview

In this unit the Introduction, Definition of Sequencing Problem,
Assumptions Made in Sequencing Problems, Applications of sequencing
problems and Types of Sequence has been clearly explained.

Objectives

After Completion of this unit, your will be able to know about:
X Introduction, Definition of Sequencing Problem
x Assumptions Made in Sequencing Problems

x Applications of sequencing problems and Types of Sequence

9.1. Introduction

Now let us look to a problem, where we have to determine the order or
sequence in which the jobs are to be processed through machines so as
to minimize the total processing time. Here the total effectiveness, which
may be the time or cost that is to be minimized is the function of the order
of sequence. Such type of problem is known as sequencing problem.

In case there are three or four jobs are to be processed on two machines,
it may be done by trial and error method to decide the optimal sequence
(i.e. by method of enumeration). In the method of enumeration for each
sequence, we calculate the total time or cost and search for that
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sequence, which consumes the minimum time and select that sequence.

This is possible when we have small number of jobs and machines. But if

the number of jobs and machines increases, then the problem becomes
complicated. It cannot be done by method of enumeration. Consider a
SUREOHP ZKHUHuZPDKBRY®&HM MREWV WKHQ)2ZH KDYH
theoretically possible sequences. For example, we take n =5 and m = 5,

then we have (5!)° sequences i.e. which works out to 25, 000,000,000

possible sequences.

It is time consuming to find all the sequences and select optima among all
the sequences. Hence we have to go for easier method of finding the
optimal sequence. Let us discuss the method that is used to find the
optimal sequence. Before we go for the method of solution, we shall define
the sequencing problem and types of sequencing problem. The student
has to remember that the sequencing problem is basically a minimization
problem or minimization model.

9.2. Definition of Sequencing Problem

AgeneralsequenFLQJ SUREOHP PD\ EH GHILQHG DY IROORZV /HW W
jobs (31,32, «««Jn ZKLFK DUH WR EHnSURBHRENMBBVRQ u

B,C ««« ZKHUH WKH RUGHU RI| SUR.E fovexan®lé,RQ PDFKLQHV
ABC means first on machine A, second on machine B and third on

machine C or CBA means first on machine C, second on machine B and

third on machine A etc. and the processing time of jobs on machines

(actual or expected) is known to us, then our job is to find the optimal

sequence of processing jobs that minimizes the total processing time or

cost. Hence our job is to find that sequence out of (n!)™ sequences, which

minimizes the total elapsed time ( i.e.. time taken to process all the jobs).

The usual notations used in this problem are:

Ai = Time taken by i th job on machine Awherei |, rk Similarly we
can interpret for machine B and C i.e. Bi and Ci etc.

T = Total elapsed time which includes the idle time of machines if any and
set up time and transfer time.

9.3. Assumptions Made in Sequencing Problems

Principal assumptions made for convenience in solving the sequencing
problems are as follows:

a. The processing times Ai and Bi etc. are exactly known to us and
they are independent of order of processing the job on the
machine. That is whether job is done first on the machine, last on
the machine, the time taken to process the job will not vary it
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remains constant.

b. The time taken by the job from one machine to other after
processing on the previous machine is negligible. (Or we assume
that the processing time given also includes the transfer time and
setup time).

c. Each job once started on the machine, we should not stop the
processing in the middle. It is to be processed completely before
loading the next job.

d. The job starts on the machine as soon as the job and the machine
both become idle (vacant). This is written as job is next to the
machine and the machine is next to the job.  (This is exactly the
meaning of transfer time is negligible).

e. No machine may process more than one job simultaneously. (This
means to say that the job once started on a machine, it should be
done until completion of the processing on that machine).

f. The cost of keeping the semi-finished job in inventory when next
machine on which the job is to be processed is busy is assumed
to be same for all jobs or it is assumed that it is too small and is
negligible. That is in process inventory cost is negligible.

g. While processing, no job is given priority i.e. the order of
completion of jobs has no significance. The processing times are
independent of sequence of jobs.

h. There is only one machine of each type.

9.4. Applications of Sequencing

The sequencing problem is very much common in Job workshops and
Batch production shops. There will be number of jobs which are to be
processed on a series of machine in a specified order depending on the
physical changes required on the job. We can find the same situation in
computer center where number of problems waiting for a solution. We can
also see the same situation when number of critical patients waiting for
treatment in a clinic and in Xerox centers, where number of jobs is in
queue, which are to be processed on the Xerox machines. Like this we
may find number of situations in real world.

9.5. Types of Sequencing

There are various types of sequencing problems arise in real world. All
sequencing problems cannot be solved. Though mathematicians and
Operations Research scholars are working hard on the problem
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satisfactory method of solving problem is available for few cases only. The
problems, which can be solved, are:

@ pY MREV DUH WR EH SURFHVVHG RQ WaR PDFKLQHV VD\ P
machine B in the order AB. This means that the job is to be processed
first on machine A and then on machine B.

(b) p 9 bd &e to be processed on three machines A,B and C in the order
ABC i.e. first on machine A, second on machine B and third on
machine C.

€ pY MREV DUH WR EHn$ PPFHKLOHE RQ WKH JLYHQ RUGHU
7ZR MREV DUH WR EH @Y PRHKLG\RQQU WKH JLYHQ RUGHU

Let Us Sum Up

In this unit, you have learned about the Introduction, Definition of
Sequencing Problem, Assumptions Made in Sequencing Problems,
Applications of sequencing problems and Types of Sequence.

Check Your Progress

1. The objective of the sequencing problem is to find
a. Maximum time
b. Idle time
c. Minimum total elapsed time
d. Processing time
2. Sequencing deals with
a. Ordering of jobs
b. Combining of jobs
c. Separating of jobs
d. Assigning of jobs
3. Which algorithm is used to order the jobs
a. Modi algorithm
b. -RKQVRQTV DOJRULWKP
c. Network algorithm

d. Assignment algorithm

Glossary

Sequencing : A general sequencing problem may be defined as
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follows: Let WK HUM BMRE 32,J « «« Jn)which
DUH WR EH SURNHRVD/HGABBRVN «««
where the order of processing on machines.

Job: Each job once started on the machine, we should not
stop the processing in the middle. It is to be processed
completely before loading the next job.

Answers to Check Your Progress

Suggested Readings

1. Gupta. P. K 0DQ ORKDQ .DQWL 6ZDUXS 32SHUDWLRQV
Sultan Chand, 2008.

2. Frederick Hillier, Gerald J. Lieberman, Bodhibroto Nag, Preetam
%DVX 3, QWURGXFWLRQ WR 2SHUDWLRQ 5HVHDUFK” OF
ISSN: 9354601200, 2021.
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Unit-10

SURFHVVLQJ plY -REV RQ

STRUCTURE
Overview
Objectives

10.1. Introduction
10.2. Definition

10.3. Procedure for determining the optimal sequence for n jobs on
2 machines

10.4. Principal Assumptions
10.5. Solved Example

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Definition, Procedure for determining the
optimal sequence for n jobs on 2 machines, Principal Assumptions and
Solved Example has been clearly explained.

Objectives

After Completion of this unit, your will be able to understand about:
X Introduction, Definition

x Procedure for determining the optimal sequence for n jobs on 2
machines

x Principal Assumptions and Solved Example

10.1. Introduction

ODFKLOQ]

If there are n jobs which are to be performedonm GLTHUHQW PDFKLQHV WKHQ

the problem is to determine the sequence of jobs, which minimizes the
total elapsed time, that is, the time from the start of the first job up to the
completion of the last job.

Suppose that 2 or 3 jobs are to be processed on 2 or 3 machines. Then
the job sequencing can be done by the method of enumeration . If,
however, the number of jobs and/or machines increases, then the problem

83



becomes complicated and the method of enumeration is not suitable.

It is time consuming to find all the sequences and select the optimal one
among all the sequences. Hence, we have to look for an easier method
for finding the optimal sequence.

10.2. Definition

Suppose n jobs are to be processed on two machines, say A & B. Each
job has to pass through the same sequence of operations in the same
order, i.e., passing is not allowed. After a job is completely processed on
machine A, it is assigned to machine B.

If machine B is not free at that moment, then the job enters in the waiting
queue. Each job from the waiting queue is assigned to machine B
according to FIFO (first in first out) discipline.

Let A; = processing time for ith job on machine A
Bi = processing time for ith job on machine B
T = total elapsed time

The problem is to determine the sequence in which n jobs should be
processed through machines A and B so that the total elapsed time (T) is
minimum. In the following, we present a technique developed by Johnson
and Bellman for determining an optimal sequence.

-RKQVRQYV $OJRULWKP

Step 1 Select the minimum processing time out of all AV DB |
Ar then do the rth job first. If it is Bs then do the sth job at last.

Step 2 If there is a tie in selecting the minimum of all the processing times,
then such a situation is dealt with the following three ways:

(i) If the minimum of all the processing times is A;, which is also equal
to Bs, that is, min(A;, B;) = Ar = Bs, then do the rth job first and sth job
at last.

(@) 1f min(A;, Bi) = A, but A = A, i.e., there is a tie for minimum among
ATV WKHQ VHOHFW DQ\ RQH

(iii) 1f min(A;, Bi) = Bs, but Bs = By, i.e., there is a tie for minimum among
BV WKHQ VHOHEW DQ\ RQH

Step 3 Now, eliminate the job which has already been assigned from
further consideration, and repeat steps 1 and 2 until an optimal sequence
is found.
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Note: -RKQVRQYVY DOJRULWKP FRQFHQWUDWHY RQ PLQLPL]JLQJ
machines. It is proved that the optimal sequence of n jobs which are to be

processed on machine A and machine B in the order AB necessarily

involves the same ordering of jobs on each machine. The total elapsed

time is minimum when the sequence of jobs is same for both the

machines.

10.3. Procedure for determining the optimal sequence for n
jobs on 2 machines

Terminology and Notations

tj = processing time (time required) for job i on machine j

T = total elapsed time for processing all the jobs. This includes idle time,
if any.

li = Idle time on machine j from the end of job (i £1) to the start of job i.
Terminologies

In the following, we describe the basic terminologies which are commonly
used in job sequencing:

Number of machines - It refers to the number of service facilities through
which a job must pass before it is assumed to be completed.

Processing time - This is the time required by each job on each machine.

Processing order - This refers to the order (sequence) in which machines
are required for completing the job.

Idle time on a machine - This is the time during which a machine does
not have a job to process.

Total elapsed time - This is the time interval between starting the first job
and completing the last job, including the idle time (if any), in a particular
order by the given set of machines.

No passing rule - This means that the passing is not allowed, i.e., the
same order of jobs is maintained over each machine. If n jobs are to be
processed through two machines A and B in the order AB, then this means
that each job will go to machine A first and then to B.

10.5. Principal Assumptions

General assumptions for sequencing problems are as follows:
X The processing time on each machine is known.

X The time required to complete a job is independent of the order of
jobs in which they are to be processed.
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x No machine can process more than one job simultaneously.

X The time taken by each job in changing over from one machine to
another is negligible.

x Each job, once started on a machine is to be performed up to
completion on that machine.

x The order of completion of job has no significance, i.e., no job is to
be given priority.

A job starts on the machine as soon as the job and the machine both are
idle.

Flow Shop Scheduling

In flow shop scheduling problems, there are n jobs, each of which requires
processing on m different machines.

The order in which the machines are required to process a job is called
process sequence of that job. In flow shop scheduling problems, all the
jobs will have the same process sequence.

However, the processing time of each operation in a job will be different
from that of the other jobs. If an operation is absent in a job, then the
processing time of that operation in that job is assumed as zero.

Characteristics of Flow Shop Scheduling Problem

1. A set of multiple operation jobs is available for processing at time zero
(each requires m operations and each operation requires a different
machine).

2. Set-up times for the operations are sequence independent and are
included in processing times.

3. Job descriptors are known in advance.
4. m different jobs are continuously available.

Each individual operation of jobs is processed until its completion
without preemption.

10.5. Worked Problems

Example 1: Suppose that there are five jobs, each of which has to be
processed on two machines A and B in the order AB. Processing times
are given in the following table
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Job | Machine A Machine B
1 6 3
2 2 7
3 10 8
4 4 9
5 11 5

Determine a sequence in which these jobs should be processed so as to
minimize the total processing time.

Solution: The minimum time in the given table is 2, which corresponds to
job 2 on

machine A. So the allocation of jobs will start as 2. Now, we eliminate job
2 from further consideration. The reduced set of processing times is as
follows:

Job | Machine A | Machine B
1 6 3
3 10 8
4 4 9
5 11 5

Now, the minimum time is 3 for job 1 on machine B. Therefore, this job
would be done at last. The allocation of jobs till this stage would be job1,

the reduced set of processing times is as follows: After deletion of

Similarly, by repeating the above steps, the optimal sequence is obtained

as

On the basis of this optimal sequence, the minimum elapsed time is

2

1

Job | Machine A | Machine B
3 10 8
4 4 9
5 11 5

2 4|3

5/1

obtained from the following table as 36 hours.
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Job Machine A Machine B
Timein [Timeout [Timein [Time out
2 0 2 2 9
4 2 6 9 18
3 6 16 18 26
5 16 27 27 32
1 27 33 33 36

YXUWKHU ,GOH WLPH IRU PDFKLQH $ WRWDO HODSVHG
job is out of machine A

i KRXUV

Idle time for machine B = time at which the first job in a sequence finishes
on machine A + (time when the ith job starts on machineB i WLPH ZKHQ
the (i -1)th job finishes on machine B).

Therefore, idle time for machine B=2+ (9 i i i
i KRXUV

Example 2: A book binder company has one printing machine and

RQH ELQGLQJ PDFKLQH 7KHUH DUH PDQXVFULSWYV RI D C
books. Processing times for printing and binding are given in the

following table:

Book Time (in hours)
Printing | Binding

A 5 2

B 1 6

C 9 7

D 3 8

E 10 4

Determine the sequence in which books should be processed on the
machines so that the total time required is minimized.

Solution: The minimum time in the given table is 1 which corresponds to
the book B

on printing machine. Therefore, the allocation of jobs will start as

B
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Now, book B is eliminated. The reduced set of processing times is given

in the following table:

Book [Time (in hours)
Printing Binding
A 5 2
C 9 7
D 3 8
E 10 4

Now, the minimum time is 2 for book A on binding machine.

Therefore, this job should be done at last. The allocation of jobs till this

B

stage is reduced set of processing times is as follows:

Similarly, by repeating the above steps, the optimal sequence is obtained

as

Now, on the basis of this optimal sequence, we construct the following

Book Time (in hours)
Printing | Binding
C 9 7
D 3 8
E 10 4

B

D |C

E|A

table:
Book Printing Binding
Time in Timeout | Timein Time out
B 0 1 1 7
D 1 4 7 15
C 4 13 15 22
E 13 23 23 27
A 23 28 28 30

From the last column, we find that the minimum elapsed time is 30 hours.

Idle time for printing process = (total elapsed time) +(time when the last
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job is out of machine A)
i KRXUV
Idle time for binding process
i i i i =3hours.

Example 3: There are seven jobs, each of which has to be processed
on two machines

A and B in the order AB. Processing times are given in the following
table:

Job | Machine A | Machine B
1 3 8
2 12 10
3 15 10
4 6 6
5 10 12
6 11 1
7 9 3

Determine a sequence of these jobs that will minimize the total
elapsed time. Also find total elapsed time and idle machines A and
B.

Solution: The smallest processing time is 1 hour for job 6 on machine B.
Thus job 6

will be processed last on machine A as shown below :

6

The reduced set of processing times becomes

Job | Machine A | Machine B
1 3 8
2 12 10
3 15 10
4 6 6
5 10 12
7 9 3

There are two equal minimal values: processing time of 3 hours for job 1
on machine A and processing time of 3 hours for job 7 on machine B.
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$FFRUGLQJ WR -RKQVRQYV UXOHV MRE
as shown below:

1

7 6

The reduced set of processing times becomes

Job | Machine A | Machine B
2 12 10
3 15 10
4 6 6
5 10 12

LV VFKHGXOHG

Again there are two equal minimal values, processing time of 6 hours for
job 4 on machine A as well as on machine B. We may choose arbitrarily
to process job 4 next to 1 or next to job 7 as shown below:

1 (4 7 6
or
1 4 7 6
The reduced set of processing times becomes

Job | Machine A | Machine B
2 12 10
3 15 10
5 10 12

There are three equal minimal values: processing time of 10 hours for job
5 on ma- chine A and for jobs 2 and 3 on machine B. According to rules:
job 5 is scheduled next to job 4 in the first or next to job 1 in the second
schedule. Job 2 then is scheduled next to job 7 in the first schedule or
next to job 4 in the second schedule. The optimal sequences are shown
below:

or
1|/5(3|2 |4 |7 |6

The calculation of both sequencing for total elapsed time for machines A
and B are shown in the following tables:
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Job Machine A Machine B
Timein | Timeout | Timein | Time out
1 0 3 3 11
4 3 9 11 17
5 9 19 19 31
3 19 34 34 44
2 34 46 46 56
7 46 55 56 59
6 55 66 66 67
Job Machine A Machine B
Timein | Timeout | Timein | Time out
1 0 3 3 11
5 3 13 13 25
3 13 28 28 38
2 28 40 40 50
4 40 46 50 56
7 46 55 56 59
6 55 66 66 67

From the above tables, we see that

Example 4: There are nine jobs, each of which must go through two
machines P and Q in the order PQ, the processing times (in hours)
are given below:

Idle time for machine A is 1 houir;

Idle time for machine B is 17 hours.

The total elapsed time in both sequencing is 67 hours

_ Job(s)
Machine """ T c [ p | € F G H |
p 2 4 | 9 7 4
Q 3 11

Find the sequence that minimizes the total elapsed time T. Also
calculate the total idle time for the machines in this period.
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Solution

The minimum processing time on two machines is 2 which correspond to
task an on machine P. This shows that task A will be preceding first.

After assigning task A, we are left with 8 tasks on two machines

Machine | g | ¢ | D E F | 6 | H !
P 5 | 4 | 9 6 8 | 7 | s 4
Q g8 | 7 | 4 3 9 | 3 | 8 | 11

Minimum processing time in this reduced problem is 3 which correspond
to jobs E and G (both on machine Q).

Now since the corresponding processing time of task E on machine P is
less than the corresponding processing time of task G on machine Q
therefore task E will be processed in the last and task G next to last. The
situation will be dealt as

A G E

The problem now reduces to following 6 tasks on two machines with
processing time as follows:

Machine B C D F H |
P 5 4 9 8 5 4
Q 8 7 4 9 8 11

Here since the minimum processing time is 4 which occurs for tasks C
and | on machine P and task D on machine Q.

Therefore, the task C which has less processing time on P will be
processed first and then task | and task D will be placed at the last i.e.,
7" sequence cell.

The sequence will appear as follows:

A |C I D |E G

The problem now reduces to the following 3 tasks on two machines

Machine B F H
P 5 8
Q 8 9 8

In this reduced table the minimum processing time is 5 which occurs for
tasks B and H both on machine P.
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Now since the corresponding time of tasks B and H on machine Q are
same i.e. 8. Tasks B or H may be placed arbitrarily in the
4" and 5" sequence cells.

The remaining task F can then be placed in the 6" sequence cell. Thus
the optimal sequences are represented as

A I C B H F D E G

or

A 1 C H B F D E G

Further, it is also possible to calculate the minimum elapsed time
corresponding to the optimal sequencing

A:l:&: % :+:):":(:*
Job Machine A Machine B

Sequence ) ) . .

Time In Time Out Time In Time Out

A 0 2 2 8
I 2 6 8 19
C 6 10 19 26
B 10 15 26 34
H 15 20 34 42
F 20 28 42 51
D 28 37 51 55
E 37 43 55 58
G 43 50 58 61

Hence the total elapsed time for this proposed sequence staring from job
A to completion of job G is 61 hours.

During this time machine P remains idle for 11 hours (from 50 hours to 61
hours) and the machine Q remains idle for 2 hours only (from 0 hour to 2
hours).

Let Us Sum Up

In this unit, you have learned about the Introduction, Definition, Procedure
for determining the optimal sequence for n jobs on 2 machines, Principal
Assumptions and Solved Example.
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Check Your Progress

1. The objective of the sequencing problem is to find
a. Maximum time
b. Idle time
c. Minimum total elapsed time
d. Processing time
2. Each cell of the sequencing problem contains
a. Maximum time
b. Idle time
c. Minimum total elapsed time
d. Processing time

3. Time gap between each processing time of the job in the in- out table
is

a. Maximum time
b. Idle time
c. Minimum total elapsed time

d. Processing time

Glossary

Idle time : on a machine is the time the machine remains idle
during the total Elapsed time.

Total Elapsed time : is the time between starting the first job and

completing the last one.

Answers to Check Your Progress

1. c.
2. d.
3. b

Suggested Readings

1. Kapoor 9 . 32SHUDWLRQV 5HVHDUFK"~ 6XOWDQ &KDQG 6RQV

2. 'U 6KUDGGKD OLVKUD 36ROYLQJ 7UDQVSRUWDWLRQ 3URE
Methods and Their Comparison~ ,QWHUQDWLRQDO -RXUQDO RI ODWKHP
Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Unit-11

SURFHVVLQJ pQY MREV RQ

STRUCTURE
Overview
Objectives

11.1. Introduction

11.2. Conditions for converting 3 machines into 2 machines

11.3. Procedure for determining the optimal sequence for n jobs on 3

machines
11.4. Solved Example
Let Us Sum Up
Check Your Progress
Glossary
Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Conditions for converting 3 machines into 2
machines, Procedure for determining the optimal sequence for n jobs on
3 machines and Solved Example has been clearly explained.

Objectives

After Completion of this unit, your will be able to know about:

X Introduction, Conditions for converting 3 machines into 2

machines

X Procedure for determining the optimal sequence for n jobs on 3

machines and Solved Example.

11.1. Introduction

,Q WKLV VHFWLRQ

ZH GLVFXVV RQ H[WHQVLRQ RI
scheduling n jobs on three machines A, B and C in order ABC. This list of

jobs with their processing times on three machines A, B and C is given

below.
Processing time on machine | 1 2 Job3 | « n
A t11 | t12 t13 « tln
B t21 | t22 t23 « t2n
C t31 | t32 |33 « t3n
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An optimal solution to this problem can be obtained if either or both of the
following conditions hold good:

1. The minimum processing time on machine A is at least as great
as the maximum processing time on machine B, that is, min ty;
max ty, forj=1,2,---,n.

2. The minimum processing time on machine C is at least as great
as the maximum processing time on machine B, that is, min t3
max ty, forj=1,2,---,n.

11.2. Conditions for converting 3 machines into 2 machines

In the three machine cases Problems falling under this category can be
solved by the method developed by Johnson. Following are the two
conditions of this approach:

1. The smallest processing time on machine A is greater than or
equal to the greatest processing time on machine B, i.e.,

Min. (Ai ° OD[i) %

2. The smallest processing time on machine C is greater than or
equal to the greatest processing time on machine B, i.e.,

Max.(Bi " OLQ) &

11.3. Procedure for determining the optimal sequence for n
jobs on 3 machines

If either or both the above conditions hold good, then the algorithm can be
summarized in the following steps:

Step 1: Examine the processing times of the given jobs on all three
machines and if either one or both the above conditions hold, then go to
Step 2; otherwise, the algorithm fails.

Step 2: Introduce two fictiious machines, say G and H, with
corresponding processing times given by

() tg=ty+tyj=1,2,---,n,i.e., the processing time on machine
G is the sum of the processing times on machines A and B.

(i) tyj=ty+t3j=1,2,---,n,ie., the processing time on machine
H is the sum of the processing times on machines B and C.

Step 3: Determine the optimal sequence for n jobs and two machine
equivalent

sequencing problem with the prescribed ordering GH in the same way as
discussed earlier.
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11.4. Solved Example

Example 1: Find the sequence that minimizes the total time required
in performing the following jobs on three machines in order ABC.
Processing times (in hours) are given in the following table

Job 1 2 3 4 5
Machine A 8 10 6 7 11
Machine B 5 6 2 3 4
Machine C 4 9 8 6 5

Solution: From data of the problem, we see that
min(ta;) = 6; min(tc) = 4; max(tg;) = 6.
Since the condition min(t; <+ P D) is satisfied for all j,

the given problem can be converted into a problem of 5 jobs and two
machines.

The processing times on two dummy machines G and H can be
determined by the following relationships:

tgj = taj + tgjand tyy = tgj + tgj, j=1,2,--- , 5

The processing time for the new problem are given below:

Job 1 2 3 4 5

MachineG | 8+5=13| 10 +6=16| 6+2=8 | 7+3 =10| 11+4 =15

Machine H 5+4 =9 6+9=15 | 2+8=10| 3+6=9| 4+5=9

When the procedure described for n jobs on two machines is applied to
this problem, the optimal sequence so obtained is given by

3|12|5|1) 4

The total minimum elapsed time is obtained from the following table

Machine A Machine B Machine C
tem Timein | Timeout | Timein | Timeout | Timein | Time out
3 0 6 6 8 8 16
2 6 16 16 22 22 31
5 16 27 27 31 31 36
1 27 35 35 40 40 44
4 35 42 42 45 45 51
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The minimum total elapsed time is 51 hours.
The idle time for machines A, B and C are
i KRXUV
KIRX UV

[—

i i i
and
1 i 1 1 KRXUY. UHVSHFWLYH

Example 2: There are five jobs (hamely 1,2,3,4 and 5), each of which
must go through machines A, B and C in the order ABC. Processing
Time (in hours) are given below:

Jobs 1 2 3 4 5
Machine A 5 7 6 9 5
Machine B 2 1 4 5 3
Machine C 3 7 5 6 7

Find the sequence that minimum the total elapsed time required to
complete the jobs .

Solution
Here Min Ai=5; Bi=5 and C; =3
since the condition of Min. Ai * Max. B; is satisfied

Therefore the given problem can be converted into five jobs and two
machines problem.

Jobs | G =A;+B; | Hi=B; +(
1 7 5
2 8 8
3 10 9
4 14 11
5 8 10

The Optimal Sequence will be
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Total elapsed Time will be

Jobs Machine A Machine B Machine C
In Out In Out In Out
2 0 7 7 8 8 15
S 7 12 12 15 15 22
4 12 21 21 26 26 32
3 21 27 27 31 32 37
1 27 32 32 34 37 40

Min. total elapsed time is 40 hours.
Idle time for Machine A is 8 hrs. (32-40)

Idle time for Machine B is 25 hours (0-7, 8-12, 15-21, 26-27, 31-32 and
34-40)

Idle time for Machine C is 12 hours (0-8, 22-26.)

Example 3. A company has to process five items on three machines
A, B and C. Processing times are given in the following table:

Item | A Bi Ci

1 4 4 6

2 9 5 9

5 3 6 7

Find the sequence that minimizes the total elapsed time.
Solution: Here, min(Aj) = 3, max(Bi) = 6 and min(C;) = 6.

So the condition max(Bi " P ICQis satisfied. Now, we consider two
fictitious machines G and H with corresponding processing times G; = A
+ By and H; = B; + C;, where G; and H; are the processing times for the ith
job on machine G and machine H, respectively. The processing times for
the new problem are given below:

100
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Then the minimum elapsed time is obtained from the following table as 49

Item | Gi=A+Bi Hi = B + C;
1 8 10
2 14 14
3 11 14
4 8 10
5 9 13

1

4

5

3

2

hours.
Machine A Machine B Machine C
Time in | Time out | Timein | Time out | Timein | Time out

1 0 4 4 8 8 14
4 4 10 10 12 14 22
5 10 13 13 19 22 29
3 13 21 21 24 29 40
2 21 30 30 35 40 49

Idle time for machine A = 49-30 = 19 hours.

Idle time for machine

B i i i i

Idle time for machine

C i i i = 8 hours.

Example 4. The MDH Masala company has to process five items on
three machines:- A, B & C. Processing times are given in the
following table:

Item Ai Bi Ci
1 4 4 6
2 9 5 9
3 8 3 11
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Find the sequence that minimizes the total elapsed time.
Solution.

Here, Min. (Ai) = 3, Max. (Bi) = 6 and Min. (Ci) = 6. Since the condition of
ObD[ %L " OLQ &L LV VDWLVILHG WKH BEHREBHP FDQ E
procedure. The processing times for the new problem are given below.

Item Gi=Ai+Bi |Hi=Bi+Ci
1 8 10
2 14 14
3 11 14
4 8 10
5 9 13

The optimal sequence is

1 4 5 3 2

Item Machine A Machine B Machine C
Timein |[Timeout |Timein |Timeout |Timein | Time out

1 0 4 4 8 8 14

4 4 10 10 12 14 22

5 10 13 13 19 22 29

3 13 21 21 24 29 40

2 21 30 30 35 40 49

Total elapsed time = 49

Idle time for machine A = 49 + 30 = 19  hours
Idle time for machine B =4 + (10 - 8) + (13 - 12) + (21 - 19)+ (30 - 24) +
(49 - 35) = 29 hours

Idle time for machine C =8 + (14 - 14) + (22 - 22) + (29 - 29)+ (40 - 40) =
8 hours.
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Let Us Sum Up

In this unit, you have learned about the Introduction, Conditions for
converting 3 machines into 2 machines, Procedure for determining the
optimal sequence for n jobs on 3 machines and Solved Example.

Check Your Progress

1. To calculate minimum total elapsed time we have to construct the

a.
b.
c.

d.

In +out table
Allocation table
Network

Output table.

2. Sequencing the jobs can be done for

a.
b.
c.

d.

Two machines
Three machine
Four machine

Any number of machine

3. The last value of the in-out table is the

a. Maximum time
b. Idle time
c. Minimum total elapsed time
d. Processing time
Glossary
Idle time: 0 n a machine is the time the machine remains idle
during the total elapsed time.
Total Elapsed time: is the time between starting the first job and

completing the last one.
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Answers to Check Your Progress

1. a.
2. d.
3. C.

Suggested Readings

1. .DSRRU 9 . B32SHUDWLRQV 5HVHDUFK" 6XOWDQ &KDQ

2. 'U 6KUDGGKD OLVKUD 36ROYLQJ 7UDQVSRUWDWLRQ
Methods and Their Comparison” ,QWHUQDWLRQDO -RXUQDO RI 0D\
Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Unit-12

SURFHVVLQJ pQY MREV RQ P PDFKL

STRUCTURE
Overview
Objectives

12.1. Introduction
12.2. Example

12.3. Procedure for determiningthe RSWLPDO VHTXHQFH IRU pQT MREV RQ
machines

12.4. Solved Examples

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Example, Procedure for determining the
RSWLPDO VHTXHQFH IRU pQ finSorad BxamplézhaP DFKLQH YV
been clearly explained.

Objectives

After Completion of this unit, your will be able to explain about:

X Introduction, Example,

x 3URFHGXUH IRU GHWHUPLQLQJ WKH RSWLPDO VHTXHQFH
machines and

X Solved Examples

12.1. Introduction

Let there be n jobs, each of which is to be processed through m machines,
say Mi,My, --- , My, in the order M1,M2,M3, --- , Mm. Let T j; be the time taken
by the i"" machine to complete the | job.

12.2. Example

Consider a company which produces a number of items. | Each item must
be processed on one, or more, of several machines. Certain machine
processes may require that an item be processed on one machine prior
to another, therefore a fixed sequence of machines may be necessary,
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i.e. an item must be cleaned before it can be painted. For other processes,
however, it may be possible to deviate from a fixed sequence of machines.

123. 3URFHGXUH IRU GHWHUPLQLQJ WKH RSWLPDO V
MREV RQ pPY PDFKLQHYV

The iterative procedure of obtaining an optimal sequence is as follows:
Step I: Find (i) min; (T4)
i) min; (Tm)
i) max; (T}, T3, T4j, --- , Tm-y) for j=1,2,---, n
Step Il: Check whether
(@). min(Ty) < max; (Ty) for i=2,3,----,m-1
Or
(b). miny(Tm) < max; (Ty) for i=2,3,---,m-1

Step llI: If the inequalities in Step Il are not satisfied, method fails,
otherwise, go to next step.

Step IV: Convert the m machine problem into two machine problem by
introducing two fictitious machines G and H, such that Tgj = Tyj + Ty + ---
+Tm-1; and Ty = Ty + T3 + --- +Tmj Determine the optimal sequence of n
jobs through 2 machines by using optimal sequence algorithm.

Step V: In addition to condition given in Step IV, if Tjj =Ty + Tgj + --- +Ty =
Cis a fixed positive constant for all i = 1, 2, 3, , n then determine the
optimal sequence of n jobs and two machines M; and M in the order
Mi1Mn by using the optimal sequence algorithm.

12.4. Solved Examples

Example 1. Find an optimal sequence for the following sequencing
problem of four jobs and five machines when passing is not allowed,
of which processing time (in hours) is given below:

Machine
Job
A B C D E
1 7 5 2 3 9
2 6 6 4 5 10
3 5 4 5 6 8
4 8 3 3 2 6

106



Also find the total elapsed time.
Solution

Here Min. Ai=5, Min. Ei=6

Max. (B, Ci, Dy) = 6, 5, 6 respectively
Since Min. E; = Max. (B;, Di) and
Min. Ai = Max. C; satisfied

Therefore the problem can be converted into 4 jobs and 2 fictitious
machines G and H as follows:

Fictitious Machine
Job
G =A+Bi+C+ D Hi=Bi+Ci+ D+ Ej
1 17 19
2 21 25
3 20 23
4 16 14

The above sequence will be:

1|3 |2 |4

Total Elapsed Time Corresponding to Optimal Sequence can be obtained
as follows:

Machine A | Machine B | Machine C | Machine D | Machine E
Job

In Out In Out In Out In Out In Out

1 0 7 7 12 12 14 14 17 17 26

3 7 12 12 16 16 21 21 27 27 35

2 12 18 18 24 | 24 | 28 28 33 35 45

4 18 26 26 29 29 32 33 35 | 45 51

Thus the minimum elapsed time is 51 hours.

Idle time for machine A 25 hours(26-51)

Idle time for machine B 33 hours(0-7,16-18,24-26,29-51)

Idle time for machine C 37 hours(0-12,14-16,21-24,28-29,32-51)
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Idle time for machine D 35 hours (0-14,17-21,27-28,35-51)

Idle time for machine E 18 hours (0-17,26-27)

Example 2: Find solution of Processing 5 Jobs through 4 Machines
Problem

Job 1123 |4]5
Machine-1 |11|13| 9 (16|17
Machine-2 [ 4 |3 |5 | 2|6
Machine-3 |6 | 7|5 | 8| 4
Machine-4 (15| 8 (13| 9 |11

Solution:
Job 1 |2|3|4]|5
Machine M-1 11 |13| 9 (16|17
Machine M-2 4 3|15|2]|6
Machine M-3 6 7151814
Machine M-4 15 | 8 |13| 9 |11

Since any of the condition, min{T_ (1))} >= max{T_(ij)}

and min{T_(mj)} >= max{T_(ij)}, for j=2,3,...m-1 is satisfied.
So given problem can be converted to 2-machine problem.

Machine-1

21 (23 |19 |26 |27

Machine-2

25 (18 (23 |19 |21

1. The smallest processing time is 18 hour for job 2 on Machine-2.
So job 2 will be processed last.

2. The next smallest processing time is 19 hour for job 3 on Machine-
So job 3 will be processed first.
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3. The next smallest processing time is 19 hour for job 4 on Machine-
2.

So job 4 will be processed before job 2.

4. The next smallest processing time is 21 hour for job 1 on Machine-
1.

So job 1 will be processed after job 3.

5. The next smallest processing time is 21 hour for job 5 on Machine-
2.

6. So job 5 will be processed before job 4.

According to Johnson's algorithm, the optimal sequence is as below

311|542

Job

M1 In time
M; Out Time
Mz In time
M, Out time

Mz In time
M3 Out time

Mg In time
M, Out time
Idle time M ,
Idle time M 3
Idle time M 4

[N
N
=
©

9+5=14 14 | 14+5=19 | 19 | 19+13=32

©

3 0 0+9=9

1 9 9+11=20 20 | 20+4=24 | 24 | 24+6=30 | 32 |32+15=47|6 | 5

51| 20 | 20+17=37 | 37 | 37+6=43 | 43 | 43+4=47 | 47 |47+11=58|13|13

4 | 37 | 37+16=53 | 53 | 53+2=55 | 55 | 55+8=63 | 63 |63+9=72|10| 8 | 5

2| 53 | 53+13=66 | 66 | 66+3=69 | 69 (69+7=76| 76 [76+8=84(11|6 | 4

The total minimum elapsed time = 84
Idle time for Machine-1

=84 +66 =18

Idle time for Machine-2
=9+6+13+10+11+(84-69) =64
Idle time for Machine-3
=14+5+13+8+6+(84-76)=54
Idle time for Machine-4
=19+5+4+(84-84)=28

Let Us Sum Up

In this unit, you have learned about the Example, Procedure for
determining the optimalseq XHQFH IRU pQY MRE VarQoludtif PDFKLQHYV
Examples
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Check Your Progress

1. Thein - out table for the job is prepared for the sequence obtained in
a. Modi algorithm
b. -RKQVRQYfV DOJRULWKP
c. Network algorithm
d. Assignment algorithm
2. Any number of machines can be made into
a. Two fictious machine
b. Three fictious machine
c. Single machine

d. Finite number of machines

Glossary

Idle time : on a machine is the time the machine remains idle
during the total elapsed time.

Total Elapsed time: is the time between starting the first job and
completing the last one.

No passing rule : This means that the passing is not allowed, i.e.,

the same order of jobs is maintained over each
machine. If n jobs are to be processed through two
machines A and B in the order AB, then this
means that each job will go to machine A first and
then to B.

Answers to Check Your Progress

1. b.
2. a.

Suggested Readings

1. .DSRRU 9 . 32SHUDWLRQV 5HVHDUFK™ 6XOWDQ &KDQ

2. 'U 6KUDGGKD OOlvMK Trdnhspdrgation Problem by Various
Methods and Their Comparison” ,QWHUQDWLRQDO -RXUQDO RI 0D
Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Block -4: Introduction

Block- 4 : Game Theory has been divided in to four units.

Unit-13: Two Person Zero Sum Game deals with Introduction,
Classification, Definitions, Basic Concepts and the Solved Examples .

Unit-14 : Games with Saddle Point, Game without Saddle Point
discuss about the Introduction, Types of Strategies, Definitions,
Procedure to determine with saddle point, Procedure to determine with
without saddle point and the Solved Examples.

Unit-15: Dominance Properties  describes about Introductions, General
rule and Solved Examples.

Unit-16: Graphical Method for 2 Hiand m H Games explains about
Introduction, Working procedure, Advantages and Solved Problems.

In all the units of Block -4. Game Theory, the Check your progress,
Glossary, Answers to Check your progress and Suggested Reading has
been provided and the Learners are expected to attempt all the Check
your progress as part of study.
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Unit-13

Two Person Zero Sum Game

STRUCTURE
Overview

Objectives

13.1. Introduction
13.2. Classification
13.3. Definitions

13.4. Basic Concepts
13.5. Solved Examples
Let Us Sum Up

Check Your Progress
Glossary

Answers to Check Your Progress
Suggested Readings

Overview

In this unit the Introduction, Classification, Definitions, Basic Concepts
and Solved Examples has been clearly explained.

Objectives

After Completion of this unit, your will be able to know about:
x Introduction, Classification, Definitions

X Basic Concepts and Solved Examples

13.1. Introduction

Game theory provides a mathematical framework for analysing the
decision-making processes and strategies of adversaries (or players) in
different types of competitive situations. The simplest type of competitive
situations is two-person, zero-sum games. These games involve only two
players; they are called zero-sum games because one player wins
whatever the other player loses. As we have seen, the Nash equilibrium
and the maximin are two different concepts that reflect different
behavioural aspects: the first is an expression of stability, while the second
captures the notion of security. Despite the different roots of the two
concepts, there are cases in which both lead to the same results. A special
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case where this occurs is in the class of two-player zero-sum games,
which is the subject of this section.

13.2. Classification

It broadly classified into three main sub-categories of study
Classical game theory:

It focuses on optimal play in situations where one or more people must
make a decision and the impact of that decision and the decisions of those
involved is known. Decisions may be made by use of a randomizing
device like piping a coin. It focuses on questions like, what is my best
decision in a given economic scenario, where a reward function provides
a way for me to understand how my decision will impact my result.

Examples: Poker, Strategic military decision making, Negotiations.
Combinatorial game theory:

It focuses on optimal play in two-player games in which each player takes
turns changing in pre-defined ways. In other word, combinatorial game
theory does not consider games with chance (no randomness). Generally
two player strategic games played on boards. Moves change the structure
of a game board.

Examples: Chess, Checkers, Go
Dynamic game theory:

It focuses on the analysis of games in which players must make decisions
over time and in which those decisions will affect the outcome at the next
moment in time. It often relies on differential equations to model the
behaviour of players over time. Examples: Optimal play in a dog fight,
chasing your brother across a room.

13.3. Definitions

A two-player game is called a zero-sum game if the sum of the payoffs to
each player is constant for all possible outcomes of the game. More
specifically, the terms (or coordinates) in each payoff vector must add up
to the same value for each payoff vector. Such games are sometimes
called constant-sum games instead.

A two-player game is a zero-sum game if for each pair of strategies ( Q
Q)zone has

Q(Q Qi+ QAQ Q= 0.
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In other words, a two-player game is a zero-sum game if it is a closed
system from the perspective of the payoffs: each player gains what the
other player loses. It is clear that in such a game the two players have

diametrically opposed interests.

13.4. Basic Concepts of Two-Person Zero-Sum Games

This game of odds and evens illustrates important concepts of simple

games.

X A two-person game is characterized by the strategies of each
player and the payoff matrix.

X The payoff matrix shows the gain (positive or negative) for player
1 that would result from each combination of strategies for the two
players. Note that the matrix for player 2 is the negative of the
matrix for player 1 in a zero-sum game.

X The entries in the payoff matrix can be in any units as long as they
represent the utility (or value) to the player.

X There are two key assumptions about the behavior of the players.
The first is that both players are rational. The second is that both
players are greedy meaning that they choose their strategies in
their own interest (to promote their own wealth).

13.5. Solved Examples

Example 13.1 Consider the two-player game appearing in Figure

13.1.
Player I1
iL C R mifl e Sy iy (53, $71)
T| 3-3 =3,5 =2,2 -5
Player I M| L-1 | 44 | 1,-1 1
B| 6,-6 | -33 =3, 3 h
ming e sy (51, 571) - —4 -1 1,-1

Figure 13.1A two-player zero-sum game

In this example, Ri=1and Ry 4

s

7KH PD[PLQ VWUDWHJI\ RI 30D\HU

and that of Player Il is R. The strategy pair (M, R) is also the equilibrium
of this game (check!). In other words, here we have a case where the
vector of maxmin strategies is also an equilibrium point: the two concepts

lead to the same result.
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In the game in Example 13.1, for each pair of strategies the sum of the
payoffs that the two players receive is zero. In other words, in any possible
outcome of the game the payoff one player receives is exactly equal to
the payoff the other player has to pay.

Figure 13.2 The payoff function u of the zero-sum game in Example
13.1

The study of two-player zero-sum games. Since the payoffs Q4 and QG A
satisfy

Qt Qa0
we can confine our attention to one function, Qi = u, with Q4 X 7KH
function u will be termed the payoff function of the game, and it represents
the payment that Player Il makes to Player I. Note that this creates an
artificial asymmetry (albeit only with respect to the symbols being used)
between the two players: Player I, who is usually the row player, seeks to
maximize u(s) (his payoff) and Player II, who is usually the column player,
is trying to minimize u(s), which is what he is paying (since his payoff is

fu(s)).

The game in Example 13.1 can therefore be represented as shown in
Figure 13.2.

The game of Matching Pennies can also be represented as a zero-sum
game (see Figure 13.3).

Figure 13.3The payoff function u of the game Matching Pennies
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Consider now the maxmin values of the players in a two-player zero-sum
JDPH 3OD\HU ,fV PD[PLQ YDOXH LV JLYHQ E\

&:ofé e (e _A@g

% 'Dd & Ddo

DQG 30D\HU ,,fV PD[PLQ YDOXH LV

&: of§ e (e F-A@Q,:- e (e 'fé—A@,@

&0 Ddoze Dd

%0 Ddoze Dd

Figure 13.4A game in strategic form with the maxmin and minmax
values

Denote

LM ARSI

R= o GLabi—2@a

The value Ris called the maxmin value of the game, and Ris called the
minmax value. Player | can guarantee that he will get at least Rand Player
Il can guarantee that he will pay no more than R A strategy of Player |
that guarantee Ris termed a maxmin strategy. A strategy of Player Il that
guarantees Ris called a minmax strategy.

We next calculate the maxmin value and minmax value in various
examples of games. In Example 13.1, R= 1 and R= 1. In other words,
Player | can guarantee that he will get a payoff of at least 1 (using the
maxmin strategy M), while Player Il can guarantee that he willpay at most
1 (by way of the minmax strategy R).

Consider the game shown in Figure 4.35. In this figure we have indicated
on the right of each row the minimal payoff that the corresponding strategy
of Player | guarantees him. Beneath each column we have indicated the
maximal amount that Player Il will pay if he implements the corresponding
strategy.

In this game R= 0 but 'R= 3. Player | cannot guarantee that he will get a
payoff higher than 0 (which he can guarantee using his maxmin strategy
B) and Player Il cannot guarantee that he will pay less than 3 (which he
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can guarantee using his minmax strategy L).Finally, look again at the
game of Matching Pennies (Figure 13.5)

Player II
H T mjn,“e Spp ey (S], Su)
H 1 -1 =1
Player I
-1 1 -1
max,le Sy g I:S|, .I']]] 1 1 1,1

Figure 13.5 Matching Pennies with the maxmin and minmax values

In thisgame, R i D QR& 1. Neither of the two players can guarantee
a result that is better than the loss of one dollar (the strategies H and T of
Player | are both maxmin strategies, and the strategies H and T of Player
Il are both minmax strategies).

As these examples indicate, the maxmin value Rand the minmax value R
may be unequal, but it is always the case that R’ 'R The inequality is clear

from the definitions of the maxmin and minmax: Player | can guarantee

that he will get at least Rwhile Player Il can guarantee that he will not pay

more than R As the game is a zero-sum game, the inequality R” Rmust

hold.

We wish to stress that these theorems show that in two-player zero-sum

games the concept of equilibrium, which is based on stability, and the

concept of minmax, which is based on security levels, coincide. If security

OHYHO FRQVLGHUDWLRQV DUH LPSRUWDQW IDFWRUV LQ
behavior, one may expect that the concept of equilibrium will have greater

predictive power in two-player zero-sum 116 Strategic-form games games

(where equilibrium strategies are also minmax strategies) than in more

general games in which the two concepts lead to different predictions

UHJDUGLQJ SOD\HUVYT EHKDYLRU

Note that despite the fact that the strategic form of the game is implicitly
a simultaneously played game in which each player, in selecting his
strategy, does not know the strategy selected by the other player, if the
game has a value, then each player can reveal the optimal strategy that
he intends to play to the other player and still guarantees his maxmin
value. Suppose that Qi’s an optimal strategy for Player | in a game with
value v. Then

Lo — o,

&0 Ddo

andtherefore, for each Q P &Re following inequality is satisfied:
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u(ae v

Theorem 13.1.1

If a two-player zero-sum game has a value v, and if Q%md Cﬂa\re optimal
strategies of the two players, thens U= (@ QX)as an equilibrium with payoff
(v, iv).

Proof:

From the fact that both C,%md Cf(;are optimal strategies, we deduce that
u(Xa YEQR @4

u(QaRY YE®DQ

Inserting Q A- (E;{nto Equation (13.27) we deduce u (Cgé};Q Y DQG

inserting Q L Cinto Equation (13.28) wegetu (Xah > Y 7KH HTXDWLRQ Y
= u ( &4 xfollows. Equations (13.27) and (13.28) can now be written as

u(Fae XFah EQP aA

u(Qa” Xda E@R

andtherefore(d‘J Cg,; LY DQ HTXLOLEULXP ZLWK SD\RII Y 1Y
Theorem 13.1.2

If s"= (CE CE()AiS an equilibrium of a two-player zero-sum game, then the
game has a value, v = u (@ @) and the strategies Gand Ciare optimal
strategies.

Proof :

Since (();’ @Ais an equilibrium, no player can benefit by a unilateral
deviation:

U(QA” XFamE®SR

u(Fae XXa EQR &4

Letv=u (CE Q}A We will prove that v is indeed the value of the game.
From the above Equation we get

u(Xa YERR &
DQG WKHUHIRUH Y Y ZH GHGXFH WKDW
u(Qa” YE®DR
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Player 11

a b
A 1,1 0,0
Player I
0,0 3.3

Figure 13.6 Coordination game
and therefore R” Y %HFDXVH LW LV DORDRueYyKH FDVH WKDW
Y R"R" Y
which implies that the value exists and is equal to v. Furthermore, we

deduce that Cﬂs an optimal strategy for Player |, and we deduce that,
Qg an optimal strategy for Player II.

Let Us Sum Up

In this unit, you have learned about the Introduction, Classification,
Definitions, Basic Concepts and the Solved Examples.

Check Your Progress

1. In Game theory the number of participants must be
a. Single
b. Even
c. odd
d. finite
2. Outcome of every game is represented in
a. Payoff matrix
b. b)Tabular form
a. In- out table
c. d)Network

3. If the number of players in a game is 2, then the game is

o

Bilateral game

c

Dominance game

o

Two person game

Q

Zero sum game
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Glossary

Zero sum game: The algebraic sum of gains and losses of all the
players is zero ina game.

Player: who is interacting?

Pure Strategy: It is a decision rule always to select a particular course
of action

Answers to Check Your Progress

1. d
2. a.
3. C.

Suggested Readings

1. 6XQGDUHVDQ 9 *DQDSDWK\ . 6 *DQHVDQ . 35HVRXUFI
THFKQLTXHV" /DNVKPL 3XEOLFDWLRQV

2. Frederick Hillier, Gerald J. Lieberman, Bodhibroto Nag, PreetamBasu,
3, QWURGXFWLRQ WR 2SHUDWLRQ 5HVHIBENEFK® OF*UDZ +
9354601200, 2021.
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Unit - 14

Game with Saddle Point, Game without Saddle
Point

STRUCTURE

Overview

Objectives

14.1. Introduction

14.2. Types of Strategies

14.3. Definitions

14.4. Procedure to determine with saddle point

14.5. Procedure to determine with without saddle point

14.6. Solved Examples

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Types of Strategies, Definitions, Procedure to
determine with saddle point, Procedure to determine with without saddle
point and Solved Examples has been clearly explained.

Objectives

After Completion of this unit, your will be able to explain about:

Introduction, Types of Strategies, Definitions
Procedure to determine with saddle point

Procedure to determine with without saddle point and
Solved Examples

X X X X

14.1. Introduction

$ Saddle point” L Q DpéksdrRconstant-sum game is the outcome that
rational players would choose. A saddle point always exist in games of
perfect information but may or may not exist in games of imperfect
information. By choosing a strategy associated with this outcome, each
player obtains an amount at least equal to his payoff at that outcome, no
matter what the other player does. This payoff is called the value of the
game; as in perfect- LQIRUPDWLRQ JDPHV LW LV SUHRUGDLQHG E\ W
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choices of strategies associated with the saddle point, making such
games strictly determined. A rectangular game without a saddle point
cannot be solved using pure strategies or with minimax and Maximin
criterion of optimality. So, in this case the best strategies are the Mixed
strategies. In this strategy the probability with which each action should
be selected is calculated. The following theorem is followed to find the
solution of a two person 2X2 pay off matrix without a saddle point.

14.2. Types of Strategy

Usually, player in game theory uses two types of strategy namely pure
strategy and mixed strategy.

1. Pure Strategy:

Particular course of action that are selected by player is called pure
strategy (course of action). i.e. each player knows in advance of all
strategies out of which he always selects only one particular strategy
regardless of the other players strategy, and objective of the player is to
maximize gain or minimize loss.

2. Mixed Strategy:

Course of action that are to be selected on a particular occasion with some
fixed probabilities are called mixed strategies. i.e. there is a probabilistic
situation and objective of the players is to maximize expected gain or
minimize expected losses by making choice among pure strategy with
fixed probabilities.

In mixed strategy, If there are 'n' number of pure strategies of the player,
there exist a set S={p1,p2,.....pn} Where pj is the probability with which the
pure strategy, j would be selected and whose sum is unity. i.e.
p1t+p2+.....+pn=1 and p;>= 0 for all j=1,2,...n.

14.3. Definitions

If the minmax value = maxmin value, then the game is said to have a
saddle (equilibrium) point.

Remarks

X The corresponding strategies at saddle point are called optimum
strategy.

X The amount of pay off at a saddle point is known as the value of
the game.

X A game may have more than one saddle point.

X There are game without saddle point.
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X Its name derives from its being the minimum of a row that is also
the maximum of a column in a payoff matrix-to be illustrated
shortly-which corresponds to the shape of a saddle.

14.4. Procedure to Determine Saddle Point:

Step:-01: Select the minimum (lowest) element in each row of the pay off
matrix and write them under 'row minima' heading. Then select the largest
element among these elements and enclose it in a rectangle.

Step:-02: Select the maximum (largest) element in each column of the
pay of matrix and write them under 'column maxima' heading. Then select
the lowest element among these elements and enclose it in a circle.

Step:-03: Find out the elements which are same in the circle as well as
rectangle and mark the position of such elements in the matrix. This
element represents the value of the game and is called the saddle point.

Games without Saddle Point

Suppose if there is no pure strategy solution for a game, then there is no
saddle point exists. In these situations, to solve the game both the player
must determine the optimal mixtures of strategies to find saddle point. The
optimum strategy mixture of each player may be determined by assigning
each strategy it probability of being chosen. The optimal strategy so
determined is called mixed strategy.

Fair Game:

If the value of the game is zero (i.e. there is no loss or gain for any player),
the game is called fair game. The simplest type of game is one where the
best strategies for both players are pure strategies. This is the case if and
only if, the pay-off matrix contains a saddle point.

Strictly Determinable

A game is said to be strictly determinable if the maxmin and minmax
values of the game are equal and both equal the value of the game.

14.5. Procedure to Solve 2x2 Games without Saddle Point

If pay-off matrix for player A is given by

Player B
Player A an aiz

dz1 dzz

then the following formulae are used to find the value of the game and
optimal strategies.
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dy; —dy

P =

a, +a, —(a, +ay)

3y —dy

q, =

V =

a, +a, —(a;, +a,)

ay,dy —adyd,;

ay, +a, —(a, +a,)

Hence the optimal mixed strategy for player A and B given by

.

Here,

4
P

A,
J and 552[
P q,

Bl

BlJ
q;

pl=probability of player A choose strategy Al

p2=probability of player A choose strategy A2

gl=probability of player A choose strategy B1

g2=probability of player A choose strategy B2

14.6. Solved Problems

Example:1 (Games with saddle point)

Find the solution of game theory problem using saddle point

testing

Zf)¢{1NZf>i"

A1

B1

20

25

40
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B> Bs

15 12

14 8

2 10

4 11

B4

35

10

5

0

Solution:

Saddle point



Player B

4,1 20 15 12 35
4,1 256 14 8 10
Player 4
431 40 2 10 5

4, 5 4 11 o0

We apply the maximin (minimax) principle to analyze the game

Player B
Row
b B, B B
L =2 3 4 Minimum
A4 20 15 [(12)] 35 [12]
A, 25 14 8 10 8
Player 4
Ay 40 2 10 5 2
Ay 54 11 0 -5
Column
Maximum 40 15 (12) 35

Select the minimax from the maximum of columns

Column Minimax = (12)

Select the maximin from the minimum of rows

Row Maximin = [12]

Here, Column MiniMax = Row Maximin = 12

Hence, this game has a saddle point and value of the game is 12
The optimal strategies for both players are

The player A will always adopt strategies 1

The Player B will always adopt strategies 3

Example: -2

For the game with payoff matrix

Player B
Player A -1 2 -2
6 4 -6
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Determine the best strategies for players A and B and also the value of
the game. Is this game (i) fair (ii) strictly determinable?

Solution:
Player B Row minimum
PlagerA -1 2 @ 5
6 < -6 -6
Column maximum 6 5

Select minimum from the column maximum values.

ie. Minimax = 1, (marked as circle)

Select maximum from the row minimum values.

ie. Maximin = 1, (marked as rectangle)

Player A will choose strategy I, which yields the maximum payoff of -2
Player B will choose strategy ll.

The value of game is -2, which indicates that player A will gain -2 unit and
player B will sacrifice -2 unit.

Since the maximin value = the minimax value =-2, therefore the game has
saddle point and the game is not fair game. (Since, value of the game is
non zero)

Also, maxmin=minimax=value of game, therefore the game is strictly
determinable.

It is a pure strategy game and the saddle point is (A-I, B-llI)

The optimal strategies for both players given by pure strategy, Player A
must select strategy Il and playerB must select strategy lll.

Example: -3:

Find the range of values of p and q which will render the entry (2,2) a
saddle point for the game.

Player B
Player A B1 B2 Bs
Ay 2 4 5
As 10 7 q
Az 5 p 6

Solution:
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Let us ignore the values of p and g in pay off matrix and proceed to
calculate maxmin and minmax values.

Player B
Player A B1 B: B3 Row minimum
Ay 2 4 5 2
A, 10 |7 ‘ /
Az 4 p o 4
Column Maximum 10 7 e

Here,maxmin=7, minmax=6, i.e the value of the game may be between 6
and 7. i.e., maxmin is not equal to minmax, therefore there is no unique
saddle point. Games with no saddle point should solved using mixed
strategy. If the saddle point exists at (2,2), only if g>7 and p>=7.

Example: -4:

Two player A and B match coins. If the coins match, then A wins two units
of value, if the coin does not match, then B win 2 units of value. Determine
the optimum strategies for the players and the value of the game

Solution:

Let us construct the payoff matrix for player A

Player B
Player A H T Row minimum
H 2 -2 -2
T -2 2 -2
Column Maximums 2 2

Since maxmin=-2 and minmax=2. i.e the value of the game lies between
-2 and 2. i.emaxmin is not equal to minmax, therefore there is no unique
saddle point. Games with no saddle point should be solved using mixed
strategy. It is a 2x2 game without saddle point, we use the following
formulae.
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a, —a, _ (2)-(-2)

P va, —(a,+a,) (2+2)—(2-2) =4/8=1/2
p,=1-p=1/2

" an +a{:2—_{::: Yay) gﬂéizj]_ 2 =4/8=1/2
g, =1—¢q,=1/2

Therefore, it is a fair game.

Hence, the optimal mixed strategy for player A and B given by

Let Us Sum Up

In this unit, you have learned about the the Introduction, Types of
Strategies, Definitions, Procedure to determine with saddle point,
Procedure to determine with without saddle point and Solved Examples

Check Your Progress

1. Two person zero sum game means
a. Algebraic sum of gain and loss of all the player is zero
b. Algebraic sum of gain and loss of all the player is even
c. Algebraic sum of gain and loss of all the player is odd
d. Algebraic sum of gain and loss of all the player is prime
2. If min - max = max - min the corresponding point is called
a. Value of the game

b. Critical point

13

Minimum point
d. Maximum point
3. If the game value is zero then the game is
a. Determinable
b. Strictly determinable
c. Fair game

d. None
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Glossary

Zero sum game: The algebraic sum of gains and losses of all the
players is zero ina game.

Player: who is interacting?

Pure Strategy: It is a decision rule always to select a particular
course of action

Answers to Check Your Progress

1. a
2. a.
3. C.

Suggested Readings

1. Sundaresan V, Ganapathy K.S, Ganesan K, 35HVRXUFH ODQDJHPHQW
THFKQLTXHV" /DNVKPL 3XEOLFDWLRQV

2. Frederick Hillier, Gerald J. Lieberman, Bodhibroto Nag, PreetamBasu,
3, QWURGXFWLRQ WR 2SHUDWLRQ 5HVHIBENEFK® OF*UDZ +LOO
9354601200, 2021.
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Unit-15

Dominance Property

STRUCTURE

Overview

Objective

15.1. Introductions

15.2. General rule

15.3. Solved Examples
Let Us Sum Up
Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introductions, General rule and Solved Examples of
Dominance Property has been clearly explained.

Objective

After Completion of this unit, your will be able to know about:

X

Introductions, General rule and Solved Examples of Dominance
Property

15.1. Introduction

X

Sometimes it is observed that one of the pure strategies of either
player is inferior to at least one of the remaining ones.

The superior strategies are said to dominate the inferior ones.

In such cases of dominance, we can reduce the size of the payoff
matrix by deleting those strategies which are dominated by others.

The principle of dominance states that if one strategy of a player
dominates over the other strategy in all conditions then the later
strategy can be ignored.

A strategy dominates over the other only if it is preferable over
other in all conditions. The concept of dominance is especially
useful for the evaluation of two-person zero-sum games where
a saddle point does not exist.
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15.2. General rule

(i) If all the elements of a row say k™ are less than or equal to the
corresponding elements of any other row say r" then k™ row is
dominated by r'" row.

(ii) If all the elements of a column say k™ are greater than or equal to
the corresponding elements of any other column say r'" then k" column
is dominated by r'" column.

(iif) Omit dominated rows or columns.

(iv) If some linear combination of some rows dominates i row, then it
row will be deleted. Similar arguments follow for columns.

15.3. Solved Examples

Example 1: Solve the following game using dominance property
B

I II III
I 1 7 2

A II 6 2 7

Solution: Row Il is dominated by Row Il and Column Ill is dominated
by column 1.

AdNe omit Row Il and column Il

B

11 6 2

Using strategy for B as X, 1-x (probabilities)
We have 1.x+ 7 (1-x) =6.Xx+ 2 (1-X)

e yYX =4x+ 2
oe5 = 10x
x=Y

0
oel-x=—5

131



O Strategy for B: DZ ég akE
ly+6(1-y)=7y+2(1-y)
=6-5y =5y +2
a2 = 10y

V]
Y=+

(.El-y = )

OStrategy for A : % a; aE

Value of the game = 1.x + 7 (1-X)

U] U_U, a
=t /(.= ==+= =4,
1 U 7 U Uu u 4

Example 2: Using Dominance, solve the game whose payoff matrix
is given by

B
1 7 3 4
A 5 6 45
7 2 03

Solution: column Il is dominated by column Ill. Omit column II
B

I O IV
L 1] 3 | 4

A 2 5 4 5
7 0 3

Row | is dominated by Row Il

O6We omit Row |
B

III IV

Omit Row lll, column IV.
Value of the game: 4

Sa : (0, 1, 0)
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Ss : (0,0, 1,0).

Example 3: Solve the rectangular game whose payoff matrix for

player A is @ ﬁ#ﬁ

Solution:
B

2 23
a (353
Column | is dominated by column II.

Omit column |

B
2 3
A (3 2)
For A: 2. X+3(1-x)=3.x+ 2 (1-x)
(i.e.,) 3-x = 2+x
or1=2x
5.4 ._5
orx-—601—X——6
(Y&
Sa (g 4
ForB 2y + 3(1-y) = 3y + 2(1-y)
(i.e.,)3-y:2+yory=—2

51y = 5
0l-y= 5
. U A

Ss : (0, 8]

Value of the game = 2x + 3(1-x)
=9 Yyg U
=2 ot 3. 5
=P
e

Let Us Sum Up

In this unit, you have learned about the Introductions, General rule and
Solved Examples of Dominance Property.
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Check Your Progress

1. Use dominance property to solve

B
Player A 3 3 4
4 112 2
a. V=6
b. v=1
c. V=2
d V=3

2. Use dominance property to solve

B

I I

1 -5 3

a. V=6
b. v=1
c. V=2
d Vv=4

Glossary

Zero sum game:

Player:
Pure Strategy:

The algebraic sum of gains and losses of
all the players is zero in a game.

who is interacting?

It is a decision rule always to select
particular course of action
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Answers to Check Your Progress

1. a.

2. d.

Suggested Readings

1. .DSRRU 9 . B32SHUDWLRQV 5HVHDUFK”" 6XOWDQ &KDQG 61

2. 'U 6KUDGGKD OLVKUD 36ROYLQJ 7UDQVSRUWDWLRQ 3UREC
Methods and Their Comparison” ,QWHUQDWLRQDO -RXUQDO RI ODWKHP
Trends and Technology (IJMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Unit - 16

Graphical Method for2 1TNorM 12 Games

STRUCTURE

Overview

Objective

16.1. Introduction

16.2. Working procedure
16.3. Advantages

16.4. Solved Problems
Let Us Sum Up

Check Your Progress
Glossary

Answers to Check Your Progress
Suggested Readings

Overview

In this unit the Introduction, Working procedure, Advantages and Solved
Problems of Graphical Method for 2 T N or M 12 Games has been clearly
explained.

Objective

After Completion of this unit, your will be able to:
x Introduction, Working procedure and

X Advantages and Solved Problems of Graphical Method for 2 T N
or M 12 Games.

16.1. Introduction

In many practical problems it is required to take decision in a situation
where two or more opposite parties with conflicting interests. The
graphical method is useful for the game where the payoff matrix is of the
size 2*n or m*2 .i.e. the game with mixed strategies that has only two un
dominated pure strategies for one of the player in two-person zero-sum
game.
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16.2. Working procedure

Consider the following 2 x n game

B
Y1 Y2 Yo
X1 ai 2 e I aln
A ani a» | e aim
X2

It is assumed that the game has no saddle point.
Player A has two strategies x1 and X2 =1 - X1

Where x1 RO, x2 RO. Expected payoffs for A corresponding to pure
strategies of B are given below.

% f[pdre strategy $9V ([SHFWHG SD\RI
1 aniX1 + az(l-x1) = (a1 xaz)x1 + az
2 aX1 + az(l-x1) = (a2 xaz)X: + az
«« KKK
4 ainX1 + azn(1-X1) = (an fazn)X1 + az

$TV H[SHFWHG SD\RII Y DUNdWACELdDEt®tbeOnaxminV K [
criterion for mixed strategy, A should select that value of x; which
maximizes the minimum expected payoff. This may be done by plotting

the above lines as a function of x.

Ao
Py

4ve
Volues

l‘:\

?‘_1‘(:
.."-\R'. e

$ QXPEHU LV DOORWWHG WR HDFK OLQH FRUUHVSRQGLQJ WR
lower boundary of these lines (shaded) gives the minimum expected
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payoff to A as a function of x1. The highest point on this lower boundary
(shown as dot) gives the expected payoff to A and hence optimum value
X1 = (X1*). The 2 optimum strategies for B are given by the 2 lines which
pass through this maximum point.

16.3. Advantages

X 2 Hn game is reduced to 2 H2 game which can be easily solved.

X In the same way we can treat m H2 games. For this game we
shall get minimax point which will be the lowest point on the upper
boundary.

16.4. Solved Examples

Example 1: Solve the following 2 ~ H4game graphically

Player B
10 4 -1
Player A (_1 1 -2 5)

Solution: Consider two axes say axis |, axis Il vertically at unit distance
apart.

B
* (17s)

Now if the matrix be @5 5564
6566



P: =
CEP1:—>5:—;
6P> =+

O L

Sa 1 (58

7
Gi=7=%

~ 5
OC]Z——S

Value of the game = ~90F 300

A
_p20_U
T a o

Example: 2 Using graphical method, solve the rectangular game
. . FU PW
whose payoff matrix for player A is @ 0 U uﬁb‘

Solution:

Reduced payoff matrix for A is @ FstA

Solving using probabilities,

2x + (1-x) (-2) = (-2x) +1(1-x)
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For player B
2y + (1-y) (-2) = -2y+ 1(1-y)

4y -2 =-3y +1
7y =3

_7

y=s
oel-yz—f3

s :(—_7:51 réfréé)r

Value of the game = 2. —;7+ (-2)(—?)

<_?6

Let Us Sum Up

In this unit, you have learned about the Introduction, Working procedure,
Advantages and Solved Problems.

Check Your Questions

1. Solve Graphically Ei: qu\‘/F SX \s/ 'i\’\tr:

_ 58
a. V= S

b. v=1

c. V=2

d V=3
ty
2. Using graphically method solve eu w
sg
_ 58
a. V= —9
b. v==

[ee]

c. V=2
d V=3
3. Solve graphically
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PLAYER B

I v
1 3131470
PLAYER A
) 5014137
_ 58
a. V= 5
b. = ?g
c. V= 3_6
d v=3
Glossary
Zero sum game: The algebraic sum of gains and losses of all the
players is zero in a game.
Player: who is interacting?
Pure Strategy: It is a decision rule always to select a particular

course of action

Answers to Check Your Progress

1. a.
2. b.
3. cC.

Suggested Readings

1. DQWLVZDURRS *XSWD 3 . 0DQ ORKDQ 322SHUDWLRQV 5HVI
Edition, Sultan Chand & Sons, 2008.

2. 'U 6KUDGGKD OLVKUD 326ROYLQJ 7UDQVSRUWDWLRQ 3UREC(
Methods and Their Comparison” ,QWHUQDWLRQDO -RXUQDO RI ODWKHP
Trends and Technology (IIMTT), V- 44(4), ISSN: 2231-5373, 2017.
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Block -5: Introduction

Block -5: Network Analysis has been divided in to four units.

Unit-17: Project Network explains about Introduction, Basic Definitions,
Construction of basic network diagrams and the Solved examples.

Unit-18: Critical Path Method (CPM)  deals with Basic Terminologies in
CPM and Solved Examples.

Unit-19: PERT describes about the Introduction, Assumptions for PERT
and Solved Examples.

Unit-20: Earliest and Latest Times presents about Introduction,
Procedure to Find the Earliest expected Time of an Event, Procedure to
Find the Latest Allowable Time of an Event and Solved Problems.

In all the units of Block -5: Network Analysis , the Check your progress,
Glossary, Answers to Check your progress and Suggested Reading has
been provided and the Learners are expected to attempt all the Check
your progress as part of study.
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Unit-17

Project Network

STRUCTURE

Overview

Objectives

17.1. Introduction

17.2. Basic Definitions

17.3. Construction of basic network diagrams
17.4. Solved examples

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Basic Definitions, Construction of basic
network diagrams and Solved examples of Project Network has been
clearly explained.

Objectives

After Completion of this unit, your will be able to:
X Introduction, Basic Definitions

x Construction of basic network diagrams and Solved examples

17.1. Introduction

A network consists of several destinations or jobs which are linked with
one another. A manager will have occasions to deal with some network
or other. Certain problems pertaining one works are taken up for
consideration in this unit.

17.2. Basic Definitions

1. Activity : An activity means a work. A project consists of several
activities. An activity takes time. It is represented by an arrow in a diagram
of the network.

For example, an activity in house construction can be flooring. This is
represented as follows
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L 2

Flooring

Construction of a house involves various activities. Flooring is an activity
in this project. We can say that a project is completed only when all the
activities in the project are completed.

2. Event : It is the beginning or the end of an activity. Events are
represented by circles in a project network diagram. The events in a
network are called the nodes .

O (O

Start Stop

Example:

Starting a punching machine is an activity. Stopping the punching
machine is another activity.

3. Predecessor Event: The event just before another event is called the
predecessor event.

4. Successor Event : The event just following another event is called the
successor event.

Example: Consider the following.

In this diagram, event 1 is predecessor for the event 2.
Event 2 is successor to event 1.

Event 2 is predecessor for the events3,4 and 5.

Event 4 is predecessor for the event 6.

Event 6 is successor to events 3,4 and 5.
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17.3. Construction of Project Network Diagrams

1. Network

A network is a series of related activities and events which result in an
end product or service. The activities shall follow a prescribed sequence.
For example, while constructing a house, laying the foundation should
take place before the construction of walls. Fitting water tapes will be
done towards the completion of the construction. Such a sequence cannot
be altered.

2. Dummy Activity

A dummy activity is an activity which does not consume any time.
Sometimes, it may be necessary to introduce a dummy activity in order to
provide connectivity to a network or for the preservation of the logical
sequence of the nodes and edges.

3. Construction of a Project Network

A project network consists of a finite number of events and activities, by
adhering to a certain specified sequence. There shall be a start event
and an end event (or stop event) . All the other events shall be between
the start and the end events. The activities shall be marked by directed
arrows. An activity takes the project from one event to another event. An
event takes place at a point of time where as an activity takes place from
one point of time to another point of time.

17.4. Solved Examples

Problem1: Construct the network diagram for a project with the following
activities:

Activity Name of Immediate
Event Activity Predecessor Activity
102 A -
103 B -
104 C -
2015 D A
306 E B
4716 F C
506 G D
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Solution:
The start event is nodel.

The activities A,B,C start from nodeland none of them has a
predecessor activity. A joins nodesland2; B joins nodesland3;C joins
nodesland 4.So we get the following:

This is a part of the network diagram that is being constructed.

Next, activity D has A as the predecessor activity. D joins nodes 2 and
5.50 we get

O————0)

Next, activity E has B as the predecessor activity. E joins nodes 3 and 6.

So we get
(3 E -
\_/

vy)

®

Next, activity G has D as the predecessor activity. G joins nodes 5 and 6.
Thus we obtain

Since activities E,F,G terminate in node 6,weget

6 is the end event.

146



Combining all the pieces together, the following network diagram is
obtained for the given project

Start event End even

We validate the diagram by checking with the given data.
Problem2:

Develop a network diagram for the project specified below:

Activity Immediate
Predecessor
Activity

A -
B A

C,D B
E C
F D
G E,F

Solution:

Activity A has no predecessor activity. i.e., It is the first activity. Let us
suppose that activity A takes the project from event 1 to event 2. Then we
have the following representation for A:

D)

For activity B, the predecessor activity is A. Let us suppose that B joins
nodes 2 and 3. Thus we get
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Activities C and D have B as the predecessor activity. Therefore, we
obtain the following:

Activity G has E and F as predecessor activities. This is possible only if
nodes 6 and 6'are one and the same. So, rename node 6'as node 6.Then
we get

G is the last activity.

Putting all the pieces together, we obtain the following diagram the
project network:

Start event C/’@

lnmnhg’
O2—)

End event

The diagram is validated by referring to the given data.
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Note: An important point may be observed for the above diagram.
Consider the following parts in the diagram
C E

OO

We took nodes 6 and 6' as one and the same. Instead, we can retain them
as different nodes. Then, in order to provide connectivity to the network,
we join nodes 6' and 6 by a dummy activity. Then we arrive at the following
diagram for the project network:

Dummy

activity @

Start event / @T\‘*
D F .
@ o End even

Let Us Sum Up

In this unit, you have learned about the Introduction, Basic Definitions,
Construction of basic network diagrams and Solved examples.

Check Your Progress

1. The sum of the duration in the critical path is
a. Duration of the project
b. Delay time of the project
¢. Minimum time to complete the project.
d. None of the above
2. Arrow in the diagram of the network should be
a. Double line
b. Straight line
c. Curve

d. Dotted line
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3. Network Analysis is a

a
b.
c.

d.

Graphical representation of a transport
Graphical representation of a event
Graphical representation of a project

Graphical representation of an assignment.

Glossary

Activity:  An activity means a work. A project consists of several

activities. An activity takes time. Itis represented by an arrow
in a diagram of the network.

Events: It is the beginning or the end of an activity. Events are
represented by circles in a project network diagram. The
events in a network are called the nodes .

Answers to Check Your Progress

1. a

2. b

3. C.

Suggested Readings

1. 6KDUPD - . 32SHUDWLRQV 5HVHDUFK 7KHRU\
Macmillan India Limited, fifth edition.2013

2. Frederick Hillier, Gerald J. Lieberman, Bodhibroto Nag, Preetam

%DVX 3, QWURGXFWLRQ WR 2SHUDWLRQ 5HVHDUFK”

ISS

N: 9354601200, 2021.
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Unit -18

Critical Path Method (CPM)

STRUCTURE

Overview

Objectives

18.1. Basic Terminologies in CPM
18.2. Solved Examples

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Basic Terminologies in CPM and Solved Examples has
been clearly explained.

Objectives

After Completion of this unit, your will be able to know about:

X Basic Terminologies in CPM and Solved Examples

18.1. Basic Terminologies in CPM

The critical path method (CPM) aims at the determination of the time to
complete a project and the important activities on which a manager shall
focus attention.

Project Completion Time

From the start event to the end event, the time required to complete all
the activities of the project in the specified sequence is known as the
project completion time.

Path in a Project

A continuous sequence, consisting of nodes and activities alternatively,
beginning with the start event and stopping at the end event of a network
is called a path in the network.

Critical Path and Critical Activities

The path with the largest time is called the critical path and the activities
along this path are called the critical activities or bottle neck activities
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18.2 .Solved Problems

Problem1;:

The following details are available regarding a project:

Determine the critical path, the critical activities and the project

Activity | Predecessor Duration
Activity (Weeks)
A - 3
B A 5
C A 7
D B 10
E C 5
F D.E 4

completion time.

Solution:

First let us construct the network diagram for the given project. We mark

the time estimates along the arrows representing the activities.

Start event

5

End event

Consider the paths, beginning with the start node and stopping with the
end node. There are two such paths for the given project. They are as

follows:

Path |

A

D

®

o(2)
N

With a time of 3+5+10+4=22weeks.

Path Il

o(3)
N

E

o(5)
N

»
>

o

-
L

@)

o(4)
"
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With a time of3+7+5+4=19weeks.

Compare the times for the two paths. Maximum of {22,19} = 22. We see
that path | has the maximum time of 22 weeks. Therefore, path | is the
critical path. The critical activities are A,B,D and F. The project completion
timeis22weeks.

WenoticethatCandEarenon-criticalactivities. Timeforpathl-Timeforpath 1=
22-19=3weeks.

Therefore, together the non- critical activities can be delayed up to a
maximum of 3weeks, without delaying the completion of the whole project.

Problem2:

Find out the completion time and the critical activities for the following
project:

Solution:

In all, we identify 4 paths, beginning with the start node of 1 and
terminating at the end node of 10. They are as follows:

Path |
A

O

8

D G

) 4

o)
O

20 8

Time for the path = 8+20+8+6 = 42 units of time.

Path I
B E H

o 16 N e

Time for the path = 10+16+11+6 = 43units of time.

h 4

Y
@
o=
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10

Path IV

®

10

B E | L
DO

10 16 N AN
Time for the path=10+16+14+5=45 units of time.

C F J L
O D)

7 25 w 10 U 5

Time for the path = 7+25+ 10+ 5 = 47 units of time.

)

Compare the times for the four paths. Maximum of {42,43,45,47} = 47.

F

J

~I

O

10

L

1
.

The critical activities are C,F,J and L. The non-critical activities are

A,B,D,E,G,H,l and K.

The project completion time is 47 units of time.

Problem3:

Draw the network diagram and determine the critical path for the following

project:
Activity | Time estimate
(Weeks)
1-2 5
1-3 6
1-4 3
2-5 5
3-6 7
3-7 10
4 -7 4
5-8 2
6-8 5
7-9 6
8-9 4

Solution: We have the following network diagram for the project:
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Time for the path = 5+5+2+4 = 16 weeks.
Path Il

Time for the path = 6+7+5+4 = 22weeks.
Path Ill
B F J

O

Time for the path = 6+10+6 =16 weeks.

O

Time for the path = 3+4+6 = 13 weeks.

Path IV

Compare the times for the four paths. Maximum of {16,22,16,13} = 22. We
see that the following path has the maximum time and so it is the critical
path:

E

7 N NV
The critical activities are B,E,| and K. The non-critical activities are
A,C,D,F,G,H and J.

&
o
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The project completion time is 22 weeks.

Let Us Sum Up

In this unit, you have learned about the Basic Terminologies in CPM and
Solved Examples.

Check Your Progress

1. CPMisa

a. network problem

b. sequencing problem

c. assignment problem

d. transportation problem
2. CPM stands for

a. Critical programming method

b. Critical path method

c. Critical problem method

d. Critical processing method.
3. CPM gives

Largest duration of the project

a
b. Shortest duration of the project

o

Total duration of the project

d. Total time taken for the project.

Glossary

CPM: Critical Path Method

Path: A continuous sequence, consisting of nodes and activities
alternatively, beginning with  the start event and stopping at the
end event of a network is called a path in the network.
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Answers to Check Your Progress

1. a.
2. b.
3. a.

Suggested Readings

1. *RGGDUG / 6 SODWKHPDWLFDO WHFKQLTXHV RI 2SHUDWLR
Elsevier, 2014.

2. 6KDUPD - . 32SHUDWLRQV 5HVHDUFK 7TKHRU\ DQG $SS(
Macmillan Publisher, ISSN: 1403-93151, 2019.
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Unit-19

PERT

STRUCTURE

Overview

Objectives

19.1. Introduction

19.2. Assumptions For PERT
19.3. Solved Examples

Let Us Sum Up

Check Your Progress

Glossary

Answers to Check Your Progress

Suggested Readings

Overview

In this unit the Introduction, Assumptions for PERT and Solved Examples
has been clearly explained.

Objectives

After Completion of this unit, your will be able to explains about:

X Introduction, Assumptions For PERT and Solved Examples

19.1. Introduction

Programme Evaluation and Review Technique (PERT) is a tool that would
help a project manager in project planning and control. It would enable
him in continuously monitoring a project and taking corrective measures
wherever necessary. This technigue involves statistical methods.

19.2. Assumption For PERT

Note that in CPM, the assumption is that precise time estimate is available
for each activity in a project. However, one finds most of the times that
this is not practically possible.

In PERT, we assume that it is not possible to have precise time estimate
for each activity and instead, probabilistic estimates of time alone
responsible. A multiple time estimate approach is followed here. In
probabilistic time estimate, the following 3 types of estimate are possible:

1. Pessimistic time estimate (tp)
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2. Optimistic time estimate (to)
3. Most likely time estimate (tm)

The optimistic estimate of time is based on the assumption that an activity
will not involve any difficulty during execution and it can be completed
within a short period. On the other hand, a pessimistic estimate is made
on the assumption that there would be unexpected problems during the
execution of an activity and hence it would consume more time. The most
likely time estimate is made in between the optimistic and the pessimistic
estimates of time. Thus the three estimates of time have the relationship

to Qm Qp.
Practically speaking, neither the pessimistic nor the optimistic estimate
may hold in reality and it is the most likely time estimate that is expected
to prevail in almost all cases. Therefore, it is preferable to give more
weight to the most likely time estimate.

We give a weight of 4 to most likely time estimate and a weight of 1 each
to the pessimistic and optimistic time estimates. We arrive at a time
estimate (te) as the weighted average of these estimates as follows:

%L%EVXEEB

Since we have taken 6units (1for tp,4 for tm and 1for to), we divide the
sum by 6. With this time estimate, we can determine the project
completion time as applicable for CPM.

Since PERT involves the average of three estimates of time for each
activity, this method is very practical and the results from PERT will
behave a reasonable amount of reliability.

Measure of Certainty
The 3 estimates of time are such that

to @m Qp.
Therefore the range for the time estimateis B F B

The time taken by an activity in a project network follows a distribution
with a standard deviation of one sixth of the range, approximately.

oo ng. 6
i.e., The standard deviation L & Lq’—_?q’and the variance L &% L @QJA

The certainty of the time estimate of an activity can be analysed with the
help of the variance. The greater the variance, the more uncertainty in the
time estimate of an activity.
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19.3. Solved Problems

Problem1;:

Two experts A and B examined an activity and arrived at the following
time estimates.

to Tm tp
A 4 6 8
B 4 7 10

Determine which expert is more certain both is estimates of time:

Solution:

5 6
Variance( 2)in time estimates L @’_’—Q’A
6
In the case of expert A, the variance L @?—SA L—?

6
As regards expert B, the variance L @f‘?—8A Ls

So, the variance is less in the case of A. Hence, it is concluded
that the expert A is more certain a both is estimates of time.
Problem2:

Find out the time required to complete the following project and the
critical activities:

Activity Prede_cgssor Opti_mistic Mos_t likely Pess_imistic
Activity time time Time
Estimate estimate estimate
(to days) (tm days) (tp days)
A - 2 4 6
B A 3 6 9
C A 8 10 12
D B 9 12 15
E C 8 9 10
F D,E 16 21 26
G D,E 19 22 25
H F 2 5 8
I G 1 3 5
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Solution:

From the three time estimates tp,tm and to, calculate te for each activity.
We obtain the following table:

N Op'iiimistic _4 X M_ost Pessimistic Time ez[imate
Activity estimate Ilkel_y time ‘time to+4tm+tp & EVEE g
(to) estimate |estimate(t ) L — R
A 2 16 6 24 4
B 3 24 9 36 6
C 8 40 12 60 10
D 9 48 15 72 12
E 8 36 10 54 9
F 16 84 26 126 21
G 19 88 25 132 22
H 2 20 8 30 5
I 1 12 5 18 3

Using the single time estimates of the activities, we get the following
network diagram for the project.

Consider the paths, beginning with the start node and stopping with the
end node. There are four such paths for the given project. They are as
follows:

Path |
S o LAY e N e NS L B
@4'1&1:“'5'@1:@21@5'@)

Time for the path: 4+6+12+21+5 = 48 days.

S oaes
3

1

E
9
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Path Il

4

10 o & 3

Time for the path: 4+6+12+6+3 = 31days.
Path Il

A C E F
@ 2 \CJ 1o o, 9 '\SJ 1 O 5 o

Time for the path: 4+10+9+21+5 = 49days.

Path IV

A C G
OO OO0 O

Time for the path: 4+10+9+6+3 = 32days.

Compare the times for the four paths.

Maximum of {48,31,49,32} = 49.

We see that Path Il has the maximum time.

Therefore the critical path is Path Ill. i.e.,1\2\4\5\ 6\ 8.
The critical activities are A,C, E, F and H.

The non-critical activities are B, D, G and I.

Project time (Also called project length) = 49 days.
Problem 3:

Find out the time, variance and standard deviation of the project with the
following time estimates in weeks:

Activity | Optimistic time Most likely Pessimistic
estimate(t o) time time
estimate(t m) estimate(t p)
1-2 3 6 9
1-6 2 5 8
2-3 6 12 18
2-4 4 5 6
3-5 8 11 14
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4-5 3 7 11
6-7 3 9 15
5-8 2 4 6
7-8 8 16 18
Solution:
We obtain the following table:
Activity |Optimistic |4xMostli |Pessimisti |to+4tm+tp| Time estimate
time kely c time s
estimate(t o, time |estimate(t p SEYSES
) estimate ) L—g
1-2 3 24 9 36 6
1-6 2 20 8 30 5
2-3 6 48 18 72 12
2-4 4 20 6 30 5
3-5 8 44 14 66 11
4-5 3 28 11 42 7
6-7 3 36 15 54 9
5-8 2 16 6 24 4
7-8 8 64 18 90 15

Consider the paths, beginning with the start node and stopping with the
end node. There are three such paths for the given project. They are as

follows:
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Path |

0

Path I

F
6 N 11 4
Time for the path: 6+12+11+4 = 33 weeks.
A D c |
o) 30 V50
6 . J ,

O

Time for the path: 6+5+7+4 = 22 weeks.

O

Time for the path: 5+9+15 = 29 weeks.

Path 11l

Compare the times for the three paths.

Maximum of {33,22,29} = 33.

It is noticed that Path | has the maximum time.

Therefore the critical path is Path 1 .i,e., 1\ 2\ 3\ 5\ 8

The critical activities are A,C,F and |I.

The non-critical activities are B, D, G and H.

Project time = 33weeks.

Calculation of Standard Deviation and Variance for the Critical

Activities:
Critical |Optimistii Most |Pessimis|Range|Standard| Variance
Activity C likely tic (R F | deviation | &%
Time | Time | Time R) LéL RFRE®
estimate(jestimate(jestimate( w?e | LI p
to) tm) to) '

A1\ 2 3 6 9 6 1 1
C:2\3 6 12 18 12 2 4
F:3\5 8 11 14 6 1 1
[:5\8 2 4 6 4 2/3 4/9

Variance of project time
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(Also called Variance of project length) =  Sum of the variances for
the critical activities
= 1+4+1+4/9
= 58/9 Weeks.
6WDQGDUG GHYLDWLRQ RI SURMHFW WLPH ¥9DULDQ
¥
=2.54weeks.

Problem 4

A project consists of seven activities with the following time estimates.
Find the probability that the project will be completed in 30weeks or less.

Optimistic time| Most likely [Pessimistic time
... |Predecessor : , : :
Activity Activit estimate  [time estimate estimate
y (to days) (tndays) (to days)
A - 2 5 8
B A 2 3 4
C A 6 8 10
D A 2 4 6
E B 2 6 10
F C 6 7 8
G D,E,F 6 8 10
Solution:

From the three time estimates tp,tm and to, calculate te for each

activity.
Activit |Optimistic, 4 x Most |Pessimistii R E v P | Time estimate
y time |likely time| ctime ER
estimate | estimate | estimate REVPER
L——
(t) (to) X

A 2 20 8 30 5

B 2 12 4 18 3

C 6 32 10 48 8

D 2 16 6 24 4

E 2 24 10 36 6

F 6 28 8 42 7

G 6 32 10 48 8
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With the single time estimates of the activities, the following network
diagram is constructed for the project.

o
BNCAR

Consider the paths, beginning with the start node and stopping with the
end node. There are three such paths for the given project. They are as
follows:

Path |

A B e E G
: : 5 . 3 . 6 . 8 .
Time for the path: 5+3+6+8 = 22 weeks.
Path Il

58 7 8

Time for the path: 5+8+7+8 = 28 weeks.

O—EO—C—C
5 4 8

Time for the path:5+4+8=17 weeks.

Part Il

Compare the times for the three paths.

Maximum of {22,28,17}=28.

It is noticed that Path Il has the maximum time.
Therefore the critical path is Path 1l.i.e.,1\ 2\ 4\ 5\ 6.
The critical activities are A,C,F and G.

The non-critical activities are B,D and E.

Project time = 28weeks.

Calculation of Standard Deviation and Variance for the Critical
Activities:
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Critical | Optimistic | Most [PessimisticRange| Standard | Variance
Activity time likely time (to-to) | deviation a6 | Il% FRS
estimate | time | estimate Le AP R P
(to) estimate|  (tp)
(tm)
A1\ 2 2 5 8 6 1 1
t v
C:2\4 6 8 10 - —
4 u {
F:4\5 6 7 8 s S
2 u {
G5\6| 6 8 10 ! Y
4 u {

6WDQGDUG GHYLDWLRQ RI WKH FULWLFDO SDWK ¥

The standard normal variate is given by the formula
- L)ERAJ REBRRA'TLA?PAGKBR=HRMMA ?NEPE?=H L=PD
5&8BKN PDA ?NEPE?=H L=PD

7R6<
L

5858L SH@SvV

So we get <

We refer to the Normal Probability Distribution Table.
Corresponding to Z=1.414, we obtain the value of 0.4207
We get 0.5+0.4207 = 0. 9207

Therefore the required probability is 0.92

i.e., there is 92 % chance that the project will be completed before 30
weeks. In other words, the chance that it will be delayed beyond30
weeks is 8%

Let Us Sum Up

In this unit, you have learned about the Introduction, Assumptions For
PERT and Solved Examples.

Check Your Progress

1. What is the expected time of a particular activity if to=5,tn = 7
and t, =9

a. 7

b. 21
c. 11
d. 12
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2. What is the ex